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An ^-symmetry of the Jacobi Identity for 
Intertwining Operator Algebras 
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Abstract 

We prove an S^-symmetry of the Jacobi identity for intertwining operator algebras. 
Since this Jacobi identity involves the braiding and fusing isomorphisms satisfying the 
genus-zero Moore-Seiberg equations, our proof uses not only the basic properties of 
intertwining operators, but also the properties of braiding and fusing isomorphisms 
and the genus-zero Moore-Seiberg equations. Our proof depends heavily on the theory 
of multivalued analytic functions of several variables, especially the theory of analytic 
extensions. 
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1 Introduction 


Intertwining operator algebras were introduced and studied by Huang in HI], H2[. In 


[3], the author studied intertwining operator algebras in a setting more general than H2 
In particular, the duality properties, Jacobi identity, Moore-Seiberg equations, locality and 
some other properties of intertwining operator algebras were stu died. For the backgroimd 
on intertwining operator algebras, we refer the reader to 0, E3,Q- 

For vertex operator algebras, the Jacobi identity has an ^-symmetr y whi ch corresponds 


to the obvious 5 ' 3 -symmetry of the Jaco bi identity for Lie algebras FHL], For abelian 


intertwining operator algebras (see DL1 . DL2 |). Guo [G] proved that the Jacobi identity 
for these algebras also has an 5 ' 3 -symmetry. In this paper, we prove an ^-s ymmetry of the 
Jacobi identity for intertwining operator algebras introduced by Huang H2[ and studied by 
the author [C]. See Theorem 13.11 for the statement of this 5 ' 3 -symmetry. The 5 ' 3 -symmetry 
in this general case is much more complicated but is also much more interesting and much 
deeper. Note that the Jacobi identity for general intertwining operator algebras in IH2 ] and 
[cj] involves the braiding and fusing isomorphisms satisfying the genus-zero Moore-Seiberg 
equations. The proof of the 5 ' 3 -symmetry in the present paper uses not only the properties 
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of the intertwining operators (for example, the skew-symmetry) but also the properties of 
braiding and fusing isomorphisms and the genus-zero Moore-Seiberg equations. In particular, 
our proof depends heavily on the theory of multivalued analytic functions of several variables, 
especially the theory of analytic extensions. 

This paper is organized as follows. In section 2, we review some preliminaries concerning 
the theory of intertwining operator algebras which we need to formulate and prove the 
main result of this paper. In section 3, we prove an ^-symmetry of the Jacobi identity for 
intertwining operator algebras. 

Acknowledgments The author is very grateful to Professor Yi-Zhi Huang for his support, 
encouragement, many discussions on the paper and help with the exposition of the paper. 
The author is supported by NSFC grant 11401559. 


2 Preliminaries 


In this section, we first re call some notations and facts in formal calculus and com¬ 


plex analysis (see [FLML FHL, |H2] for more details), then we review some definitions and 


properties in the theory of intertwining operator algebras in )h 2[ 0 • These 
preliminaries for formulating and proving the main result of this paper. 


are necessary 


In this paper, as in FHL, H2,|Cj], x, Xq, ... are indepen dent c ommuting formal variables. 
And for a vector space W and a formal variable x. as in FHL . 1 h2I . |c], we shall use W [x], 
W[x, x” 1 ], JF[[x]], JF[[x, x -1 ]], W((x)) and W{x} to denote the spaces of all polynomials in 
x , all Laurent polynomials in x, all formal power series in x, all formal Laurent series in x, 
all formal Laurent series in x with finitely many negative powers and all formal series with 
arbitrary powers of x in C, respectively. For series with more than one formal variables, we 
shall use similar notations. We shall use Res X f(x) to denote the coefficient of x~ l in /(x) for 
any /(x) E W{x}. As in [FHL, H, Q, z,Zo, , are complex numbers, not formal variables. 

Let 

~ ( 2 . 1 ) 

nEZ 


w = XX 


It has the following important property: For any /(x) E C[x,x 


-ii 


f(x)S(x) = /(l)5(x). 


( 2 . 2 ) 


Following |fHl[ EJQ, we use the convention that negative powers of a binomial are to be 
expanded in nonnegative powers of the second summand so that, for example, 


_i C- I x l - X 2 


x 0 S 


x 0 


£ 

nGZ 


{xi - x 2 y 


X , 


n +1 


£ (- 1 )’ 


meN, n&L 


n 


m 


x 


—n —1 m n—m 


X 


X 0 


(2,3) 
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The following identities are often very useful: 


x 1 1 8 


x 2 + x 0 

X\ 


= x 2 l 5 


Xl ~ Xq 

x 2 


(2.4) 


Xn 


-1 ! 


Xi - x 2 
x 0 


Xn 




x 2 - Xi 
-X 0 


= Xo *<5 


Xi - Xq 
X 2 


(2.5) 


As in |FHL , H2. C], C[xi,x 2 ]s is the ring of rational functions obtained by inverting the 
products of (zero or more) elements of the set S of nonzero homogenous linear polynomials 
in x\ and x 2 . Also, l\ 2 is the operation of expanding an element of C[xi,X 2 ]s, that is, a 
polynomial in X\ and x 2 divided by a product of homogenous linear polynomials in X\ and 
x 2 , as a formal series containing at most finitely many negative powers of x 2 (using binomial 
expansions for negative powers of linear polynomials involving both x\ and x 2 )\ similarly for 
6 2 i, and so on. We need the following fact from 


FHL 


Proposition 2.1. Consider a rational function of the form 

g(x 0 ,x 1 ,x 2 ) 


f(Xo,X !,X 2 ) = 


where g is a polynomial and r,s,t e Z. Then 


_ir (x 2 + x 0 


x l 5 


X\ 


Coif I X1=X0+X2 ) X 2 S 


rpT rytt ^ 

x 0 •' l x 2 


- lx Xi ~ X 0 


X 2 


( 2 . 6 ) 


L io{f\ X2=Xi—X0 ) (2.7) 


and 


-l r Xl ~ X 2 


x 0 S 


x 0 


t'12(f\xo=Xl— x 2 ) Xq 5 


_l f X 2 — Xl 


-x 0 


Cl if\x 0 =Xl— x 2 ) 


= X 2 5 


l Xl - Xo 


X2 


l'lo(f\x 2 =xi—xo)- 


( 2 . 8 ) 


As in |fHl[ HQ, the graded dual of a Z-graded, or more generally, C-graded, vector 
space W = \\ n W(n ) is denoted by 


r = []ib ( 


(n)‘ 


(2,9) 


For any z 6 C, we use logz; to denote the value log \z\ + iaxgz with 0 < argz; < 2n of 
logarithm of z. For two multivalued functions fi and f 2 on a region, f\ and f 2 are equal if 
on any simply connected open subset of the region, any single-valued branch of fi is equal 
to a single-valued branch of f 2l and vice versa. 

Now we recall some basic notions and results in the theory of intertwining operator 
algebras. For the details of the definitions and properties of vertex operator algebras, their 
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modules and intertwining operators, the reader is referred to FHL, FLMj, H2]. And for m ore 
details of the properties of intertwining operator algebras, the reader is referred to H2, |c|. 

Let (V, Y, l,cu) be a vertex operator algebra, and let W i, W2 , W 3 be modules of V. The 
space of all intertwining operators of type is denoted by V^ W2 instead of V^ W2 , 

for as in jo], the latter shall be used to denote a subspace of V^ Wo in the definition of 
intertwining operator algebra. The dimension of this vector space is denoted by J\fyy?w 2 - ^ is 
the so-called fusion rule of the same type. Let y be an intertwining operator of type . 

Given any r E Z, as in |hl 1 . ill'd . 0] , we define 


firCV) : W 2 G Wj -E W 3 {x} 

tt r (y)(w( 2 ),x)w w = e xL{ ~ l) y(w (l) ,e { - 2r+1)m x)w i 2) 


by 

for W(\) E W\, wp) G W 2 . We have the following result proved in |HL 
Proposition 2.2. For any y E VwiW 2 > r E Z, we have fi r ((y) E Vwlwi- Moreover, 

fU-iOW)) = n r (Q_ r _i(;V)) = y. 


( 2 . 10 ) 

( 2 . 11 ) 


( 2 . 12 ) 


In particular, the correspondence y Q r (y) defines a linear isomorphism from V^ w to 
Vwlw-!’ an d we have 

■^WiVa (2.13) 


Now we recall the first definition of intertwining operator algebras in H2 


Definition 2.3 (Intertwining operator algebra). An intertwining operator algebra of 
central charge c E C consists of the following data: 


1 . A vector space 

W=\\W a (2.14) 

aeA 

graded by a finite set A containing a special element e (graded by color). 

2 . A vertex operator algebra structure of central charge c on W e , and a bF e -modulc 
structure on W a for each a E A. 

3. A subspace Vff a2 of the space of all intertwining operators of type for each 

triple a \, a 2 , a 3 E A , with its dimension denoted by Nfff a2 . 

These data satisfy the following axioms for any ai, a 2 , a 3 , a 4 , a 5 , a 6 E A, W( ai ) G W ai , i = 
1,2,3, and w[ a4) E 
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1. The VF e -module structure on W e is the adjoint module structure. For any a G A, the 

space Vf a is the one-dimensional vector space spanned by the vertex operator for the 
II /e -module W a . For any a\, a 2 G A such that ci\ 7 - a 2 , = 0. 

2. Weight condition: For any a G A and the corresponding module W a = Unec ^(n) 
graded by the action of L(0), there exists /i a Gl such that WfC = 0 for n ^ h a + Z. 

3. Convergence properties: For any m G Z+, a,i,bj G A, w^ ai ) G W ai , 34 G 6 , 

i = 1,..., m, j = 1,..., m + 1, wW G ( W bl )' and u>( bm+1 ) G hF 6m+1 , the series 

( W [bi)i yi( W (ai)i X l) ' ' ■ym{W(a rn ),X m )W(b rrl+1 )}w b i \x™=e nlo & z i, i=l,...,m, ngR (2.15) 

is absolutely convergent when \zf\ > • • • > |z m | > 0 and its sum can be analytically 
extended to a multivalued analytic function on the region given by z t 7 ^ 0 , i = 1 ,..., m, 
Zi 7 ^ Zj, i 7 - j, such that for any set of possible singular points with either Zi = 0, 
Zi = 00 or Zi = Zj for i 7 ^ j, this multivalued analytic function can be expanded near 
the singularity as a series having the same form as the expansion near the singular 
points of a solution of a system of differential equations with regular singular points. 
For any 34 G V“* a2 and y 2 G V“ 5 4 a3 , the series 

K^WlKai), x o) w (a2)i X 2)W(a 3 ))w a 4 | x »= e *» lo g(*i-*2), x %=e nl ° sz 2, ngR (2.16) 

is absolutely convergent when \z 2 \ > \z± — z 2 \ > 0 . 


4. Associativity: For any 34 G V“* as and y 2 G V“ 2 s a3 , there exist 344 G V“ lQ2 and 344 G V“ 4 3 
for i — 1,..., A/”“ ia2 A/"“ 4 3 and a G A, such that the (multivalued) analytic function 

(u>(a4)> yi( w Ci)’ x i)y2(w(a 2 ),x 2 )w {a3) ) W a 4 \xi=Zl,X2=Z2 (2.17) 

defined on the region > \z 2 \ >0 and the (multivalued) analytic function 
K ia 2 KZ 3 

E E Hub yii(yii( W (a 1 ), x o)u’(a 2 ), x 2)u!(^ a3 )) W a 4 (2.18) 

a£A i= 1 xo=zi-z 2 ,X2=Z2 

defined on the region \z 2 \ > \z\ — z 2 \ >0 are equal on the intersection \z\\ > \z 2 \ > 
\zi - z 2 1 >0. 


5. Skew-symmetry: The restriction of f2_i to V“/ a2 is an isomorphism from V“ 1 3 az to V“ 2ai . 

Remark 2.4. The skew-symmetry isomorphisms a 2 ; a 3 ) for all a\,a 2 ,a 3 G A give 

an isomorphism 

n-i; II II Kl„, (2.W) 

ai,a2,asGA ai,a2,a3GA 

whic h , as in [//il 0/, is still called the skew-symmetry isomorphism. In this paper, as in 
. H2. Id/ , we shall omit subscript —1 in h2_! for simplicity and denote it by VI. 
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We denote the intertwining operator algebra just defined by (XV, A, {V“® a }, 1, a;) or sim¬ 
ply by W. 

Next, as in H2.[c|. we give the two linear maps corresponding to the multiplication and 
iterates of intertwining operators, respectively. Let 

r n -> (Horn (W®W®W,W)){x u x 2 } 

a\ ,«2 ,«3 ,dt4,<15 (E.A 

Z P (Z) (2.20) 

be the linear map defined using products of intertwining operators as follows: For 

Ze II ( 2 - 21 ) 

ai ,d2 j a 3) a 4 

the element P (Z) to be defined is a linear map from W®W®W to W{x i, x 2 }. We denote the 
image of w\ <g> w 2 <8) u> 3 under this map by (P (Z))(w\, w 2 , w 3 , Xi, x 2 ) for any w 3 , w 2 , w 3 G W. 
Then we define P by linearity and by 


(P(3fi <§> (V2))(w (a6 ), W( a7 ), W (a8) ; Xi, X 2 ) 

_/ W(w(a 6 ), Xi)y 2 (w^ a7 ), x 2 )w( as ), = a 3 ,ay = a 2 ,a 3 = a 3 , 

0, otherwise 


( 2 . 22 ) 


for ai,... ,a 8 G A, e V^ as , y 2 6 V“ 2 s a3 , and w (a6) G W ae , w (ar) G W a7 , w (ag) G W a8 . So 
we have an isomorphism 


U V“ 4 (8) V as 

K aia 5 ^ K a 2 , 


Q'2 a 3 


P : 


ai ,a 2 ; a 3 , a 4 ; a 5 £-4 


Ker P 


Vai,a2,a3,a4,a5 


II 

I3,a4,a5g^l / 


(2.23) 


which makes the following diagram commute: 


( U v, 

\ai,a 2 ,a3,a4,a5€*4 


a4 63 V“ 5 
aias ^ y ( 12 as I i 


(2.24) 


II K^V^-EUp 

ai,a 2 ,03,<14,0,56.4 

«p\ P 

U ya 4 ^ ya 5 
K aids ^ y a2a 

a l , a 2 I a 3 J a 4 , a 5 £*-4 

Ker P 

where Tip is the corresponding canonical projective map. As in [c], we also denote np(Z) 
by [Z\ P or Z + Ker P for Z G U au a 2 ,a 3 ,a 4 ,a^A V“ 4 ag ® V“| ag when there is no ambiguity. The 
second linear map is 

I: II C»«V£«, -4 (Hom(H'®H'®W,H0){aW 

ap ,a2 ,<23 ,a4 ,a5 G -4 

Z I(Z) (2.25) 
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defined using iterates of intertwining operators as follows: For 

Ze II V S<a ® K‘« 3 > (2-26) 

a \ ,«2 ? a 3 ? a 4 ? a 5 £* 4 . 

the element I(Z) to be defined is a linear map from W®W to W{x 0 , x 2 }. We denote the 
image of w± <g) w 2 W 3 under this map by (l(Z)){w\, w 2 , W 3 ; xo, x 2 ) for any w\, w 2 , W 3 G W. 
Then we define I by linearity and by 


(1(34 ® 34))(w ( a 6 ), w (a7) , w {as) ; x 0 , x 2 ) 

_ / 34(34 (W(a 6 ), £o)^(a 7 )j X 2 )w(a s ), Oq = di, CI 7 = d 2 , (1$ = 03, 
0, otherwise 


(2.27) 


for a 8 G M, 34 G V“® a2 , 34 e V“ 5 4 a3 , and w (ae) G W a6 , w {a7) G W a7 , w (a8 ) G W as . 

Therefore we have an isomorphism 


I : 


II 

«1 ,02 ,Q3 ,(14,(256-4 


V“ 5 <g> V“ 4 

aia 2 ^ k Q5“3 


Ker I 


1 ( n 

\ai,<12,0,3,0.4,a.5 £ A 


v as <E> V “ 4 

aia 2 ^ y 0303 


(2.28) 


which makes the following diagram commute: 


ai,a 2 ,a 3 , 


II 1 ( II ' 

i3,a4,a5G^4 \ai,a2,ct3,ct4j a 5^-^ 


V“ 5 a 2 ® V a - 3 , , 


(2.29) 


rl 


n 

ai,( 12 ,( 13 , 0 , 4 ,as£ A. 


ya 5 ^ ya 4 
K aia 2 ^ K a 5 a 3 


Ker I 


where 7iy is the corresponding canonical projective map. As in |c|, we also denote Tti(Z) by 
l z \i or Z + Ker I for Z G Ua ll a 2l a 3l a 4l a B e.A V“ 5 aa ® V“ 4 as when there is no ambiguity. 

The two linear maps P and I are called the multiplication of intertwining operators and 
the iterates of intertwining operators , respectively. 




Moreover, in H2I.IG], Huang and the author obtained isomorphisms from the associativity 
of intertwining operator algebras and from the skew-symmetry isomorphism 0. The fusing 
isomorphism which we obtained from the associativity of intertwining operator algebras is a 
map 

H <■>, ® II 

ai ,02,03,04 ,as£A 04,02,03, a4,as£A 


v a5 <g> V “ 4 

y 0402 ^ y a 5 a 3 


T : 


Ker P 


Ker I 


(2.30) 
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determined by linearity and by 


A [ a J\f a4 
* /v a^a aa 3 

P(Pi ® P 2 + Ker P) = £ £ yl< ® 3^i + Ker I (2.31) 

aG.A i=l 

for oi, • • • , a 5 6 A, n 6 VJ>„ 5 and 6 Vg aj , where 

{3S,i 6 V“ yi, 6 V“ s I i = 1, • • • ,< a2 JV«. “ 6 -4} (2.32) 


is a set of intertwining operators satisfying that for any Wi,w 2 ,W 3 G W and w' G VP', 


P? 102 aC4 

£ £ (m/, (I(P 3ji <g> P^X^i, ^ 2 , W 3 ; Xo, X 2 ))w 

a£A i =1 


^n_ e n l°g(z^— 22) g n 1 °S - z 2 


(2.33) 


is equal to 

(w , (P(Pi ® P 2 ))(' u h) w 3) ^ 1 ) lx"=e nlog2 i ,xJ=e nloS2! 2 (2.34) 

on the region 

S\ = {( 2 ( 1 , z 2 ) G C 2 | R.exi > Re^ 2 > Re(zi — z 2 ) > 0, Inusi > Imz 2 > Im(,Zi — z 2 ) > 0}. 


It was also proved that 

P(ui, a 2 , a 3 , 04 ) : Tip II Xiias ® "^0203 

\ci 5 Ew 4 

Pi <g) P 2 + Ker P > P(Pi®P 2 + Ker P) (2.35) 

is an isomorphism for any Gp, ■ ■ ■ , (24 G A, where Pi G V“ 4 ag , P 2 G V“* a3 - These isomorphisms 
are also called fusing isomorphisms. The isomorphisms we obtained from fl and its inverse 
are linear isomorphic maps: 



n V “ 5 <g> V “ 4 

aiQ2 ^ v a 5 i 

q(!) ■ a l’ a 2< a 3,a.4,aseA 


U V “ 5 <g> V “ 4 

K a 2 ai ^ 05123 

ap ,a2,a3,a4?^5^-^ 


Ker I Ker I 

defined by linearity and by 

VV (1) (Pi < 8 > P 2 + Ker I) = fi(Pi) ® P 2 + Ker I. 

(fP^XPi ® P 2 + Ker I) = fi- 1 ^) ® P 2 + Ker I 
for ai,..., a 5 G A, Pi G V^ a2 , P 2 G V a a4 as ; 


U ‘ 

^(2) /^_i\(2) . “li“2,a3,a4,tt5G^l 


“ 4 6 Z) V as 

aias ^ K a 2 a3 


n V “ 5 ® V 

0 , 20.3 ^ < 


a 4 

asai 


a\ ,a2,a3,a4,a5GPl 


Ker P 


(2.36) 


(2.37) 

(2.38) 


Ker I 


(2.39) 







defined by linearity and by 

Q (2) (34 (8) 34 + Ker P) = 34 <8> fi(34) + Ker I. 

(fF 1 )^! ® 34 + Ker P) = 34 <8> fr 4 (34) + Ker I 
for a!,... ,a 5 e A, yi e Vata 5 ■ 34 e V“ 2 5 Q3 ; 


n 


V“ 5 <8> V“ 4 

y a\a 2 ** y a 5 a 3 


fi( 3 ),(fi-i)( 3 ) : 


ai ,02,03,04,056*4 


II 

ai ,02,03,04,056*4 


yo 4 

^0305 


yas 

K oia 2 


Ker I Ker P 

defined by linearity and by 

0 (3) Cbi <8) 34 + Ker I) = 0(34) ® 34 + Ker P. 

(^i (8) 34 + Ker I) = IT 1 (34) <8> 34 + Ker P 
for ai,..., a 5 e A, 34 e V“f Q2 , 34 e V“ 4 Q3 ; 


II 


V“ 4 <8) V“ 5 

K aia 5 ^ y a 2 a 3 




ai ,a 2 ,a 3 ,a4,a 3 GA 


n 

ai ,02,03,04,056*4 


yo 4 
K 0105 


ya 5 

K 0302 


Ker P Ker P 

defined by linearity and by 

0 (4) (34 ® 34 + Ker P) = 34 ® 0(34) + Ker P, 

(0-i) (4) (3^i <8> 34 + Ker P) = 34 <8> O" 1 ^) + Ker P 
for ai,..., as € A, 34 £ K“ 4 a5 , 34 £ V“ 2ag . And these isomorphisms have relations: 

( O ^ 2 ))- 1 = (fF)®, ((jF)C 2 ))- 1 = Od), 

(nd))-i = (fid ))- 1 = (jF)( 4 ). 


(2.40) 

(2.41) 


(2.42) 

(2.43) 

(2.44) 


(2.45) 

(2.46) 

(2.47) 

(2.48) 

(2.49) 


The above isomorphisms are not independent, we proved the following relations in |c|: 

Theorem 2.5. The above isomorphisms satisfy the following genus-zero Moore-Seiberg equa¬ 
tions: 


= fid) ojo fi( 4 ) ; 

To (fF 1 )® o T = (lF)d) o To (fF)( 4 ). 


(2.50) 

(2.51) 
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Using the fusing isomorphism and the isomorphism hh 1 ), we deduced a braiding isomor¬ 
phism 


B= 

U y a4 <g> y as 

K apa5 ^ y CL2* 

a l , a 2 , a 3 , a 4 , a 5 


U ya 4 ^ ya 5 

K a 2 a 5 ^ v <210,3 

a\ ,d2 ,03 ,a 4 ,05 Ew 4 


Ker P 


Ker P 


Moreover, we get an isomorphism 


B(“i, oj, o 3 ,04) : Pp ( H V“% ® V a » , ) —> Pp ( ]J ® K« 

\ct5e-4 / \a 5 Gv4 

^ 10^2 + KerP 1 —> ® y 2 + Ker P) 


( 2 . 52 ) 


( 2 . 53 ) 


for any ai, • ■ ■ , a 4 G A, where J4 G V“ 4 as , 34 G V“| a . We also call these isomorphisms 
braiding isomorphisms. 


Before formulating the Jacobi identity for intertwining operator algebras, we need to 
recall the specifics of one more p rope rty, which is about certain special multivalued analytic 
functions, and were discussed in H2j, (C]. 

First we consider some simply connected regions in C 2 . Cutting the regions \z\\ > \z^\ > 0 
and |£ 21 > \zi | >0 along the intersections of these regions with 


{(U) Z2) G C 2 | Z\ G [ 0 , +00)} U {(^i, Z2) G C 2 | Z2 G [ 0 , +00)}, 

we obtain two simply connected regions, which, as in [h 2 , 0], are denoted by Ri and R 2 , 
respectively. Also, let R 3 be the simply connected region obtained by cutting the region 
1221 > \zi — * 21 >0 along the intersection of this region with 

{(z\, Z 2 ) G C | Z2 G [ 0 , +00)} U {(^ 1 , Z2) G C 2 | Z\ — Z2 G [ 0 , +00)}, 


and let R.4 be the simply connected region obtained by cutting the region \z\\ > \z\ — ^ 2 1 > 0 
along the intersection of this region with 

{(^ 1 , Z2) G C 2 | Z\ G [0, + 00 )} U {(^ 1 , Z2 ) G C 2 | Z2 — Z\ G [0, +cx))}. 


Then we consider some special multivalued analytic functions on 

M 2 = {(^ 1 ,^ 2 ) G C 2 | Z\,Z2 7 ^ 0, z\ 7 ^ ^ 2 }- (2-54) 

For ai,a 2 ,a 3 ,a 4 G A, as in jlijl . {cj , we let G ai,a2,a3,a4 be the set of multivalued analytic 
functions on M 2 with a choice of a single-valued branch on the region R\ satisfying the 
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following property: Any branch of f(zi,z 2 ) G G ai,a2,a3,a4 on the regions \zi\ 

| z 2 1 > \zi\ >0 and \z 2 \ > \z\ — z 2 \ >0, respectively, can be expanded as 

V 

to 

V 

0 

\ ' J^a i —ha 1 —h a Jl a —ha 2 —ha 3 7-1 ( \ 

/ y ^1 ^2 X a (Zl, Z 2 ), 

(2.55) 



\ ' J l a±—ha 2 —ha.Jla.—ha 1 —h a3 „ / \ 

/ j z 2 *1 Gr a ^Zl, Z 2 ) 

(2.56) 

A 


and 


J2 S 4 ~ h "- h ‘ , (z, - z 2 ) h ‘- h ‘>- h ‘’H a (z i ,z 2 ). 

(2.57) 


respectively, where for oei, 


F a {z 1 ,z 2 ) eC[[z 2 /z l ]][z l ,z l 1 ,z 2 ,z 2 1 }, (2.58) 

G a (zi,z 2 ) G C[[zi/z 2 )][z ll z^ 1 : z 2: z^\ (2.59) 

and 

H a (z 1 ,z 2 ) G C[[(zi - z 2 ) / z 2 ]][z 2 , zf l , z r - z 2 , (z ± - z 2 ) -1 ]. (2.60) 

The chosen single-valued branch on Ri of an element of (G a 1,02,03>“4 j s called the preferred 
branch on R\. As in jc|, we use the nonempty simply connected regions 

S\ = {(zi, z 2 ) G C 2 | Re^i > Rez 2 > Re(zi — z 2 ) > 0, Imzi > Imz 2 > Im(zi — z 2 ) > 0} 

and 


S 2 = {(^ 1 , z 2 ) G C 2 | R ez 2 > Re^i > R,e(z 2 — z{) > 0, Imz 2 > Im Z\ > lm(x; 2 — zf) > 0} 


to determine other special branches of an element of G a i’ Q 2 > a 3.“4 on _r 3 an d i ? 4 related 
to the preferred branch on R±. Firstly, the restriction of the preferred branch on R± of an 
element of G ai,a2,a3,a " 1 to the region S\ C R\ H R 3 gives a single-valued branch of the element 
on R 3 , which is then called the preferred branch on R 3 . Secondly, the restriction of the 
preferred branch on Ri to the region Si C R\ D i? 4 also gives a single-valued branch of the 
element on i? 4 , which is then called the preferred branch on i? 4 . Moreover, the restriction of 
the preferred branch on R 4 to the region S 2 C i ? 4 fl R 2 then gives a single-valu ed b ranch of 
the element on R 2 and we call it the preferred branch on R 2 . It was verified in H2, [c] that 
G a i ,a 2 ,a 3’ a 4 is a vector space. 

For any element of G ai,a2,a3,a4 , the preferred branches of this function on i? 4 , R 2 and R 3 
give formal series in 


U 


X 


ha^ ha-^ ha ha ha2 h, 
X 9 


a 3 


C[[x 2 /xi]][xi,x 1 ,x 2 ,x 




(2.61) 
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(2.62) 


and 


H 

it 


ha^ ha,2 ha ha ha p ^ a 3[T / Ilf —1 —ll 


X n 


ha^_ ha ha% ha ha p h, 


X , 


0 


\ £ 2 , ^ 2 


! C[[x 0 /x 2 ]][x 0 ,x 0 \x 2 ,x 2 ], 


respectively, which induce linear maps 




(2.63) 


h 2 

. Qai,a 2 ,a 3 ,a 4 


H F 

-ha-t — ha ha — han — hao^rr / n r —1 

x 2 3 C[[x 2 /x 1 \\[x u x 1 . 

, 0^2, 

( 2 . 64 ) 




aGA 




hU 

. (gap ,a 2 ,03,04 

—>■ 

H F 

~ ha 2 -ha x ha- h a x -ha 3 C [[^/ X2 ]] [ Xl; X -1 _ 


( 2 . 65 ) 




aGA 




^20 

. (gap ,a 2 ,03,04 

—* 

H F‘ 

~ha h a h a -1 ^-ao /pi f f / 11 r —1 

3 x 0 2 C[[xo/x 2 jJ[xo,x 0 . 


(2.66) 


generalizing t i2 , t 2 i and t 2 o discussed at the beginning of this section. These maps are 
injective because analytic extensions are unique. 

For aj , a 2 , a 3 , a 4 G Tl, G a n a 2, ffl 3,a4 j s a niodule over the ring C[x 4 , xjj 1 , x 2 , x 2 1 , (x 4 — x 2 ) -1 ]. 
Huang H2] proved the following lemma: 


Lemma 2.6. For any Oi,a 2 ,a 3 ,a 4 G .4, tde module G a i ,< 22 , 03,(14 i s f ree _ 


Remark 2.7. In the following theorem for Jacobi identity and for the rest of the pa¬ 
per, we fix a basis {e“ 1 ’ a 2 ’ a 3 ,a 4 } ag A(a 1 ,a 2 ,a 3 ,a 4 ) of the free module G ai,a 2 .“3 ,“4 over fj ie rm g 
C[x 4 , x 4 , x 2 , xf 1 , (x 4 — x 2 ) _1 ] for any ai, a 2 , a 3 , a 4 G .4, where A(a 4 , a 2 , a 3 , a 4 ) is tde index 
set of the basis. 


Now we give the Jacobi identity derived in H2 


Theorem 2.8 (Jacobi identity). For any Oi,a 2 ,a 3 ,a 4 G .4, there exist linear maps 


f a u a 2 ,a 3 ,a 4 . ppai 0 pya 2 0 py< 2 3 q ^ ® ya,J 

as e A 

-t W ai [[x 2 /x 4 ]] [x\,xf l , x 2 , xf 1 } 

W{a 1 ) ® W(a 2 ) ® Wfa) ® [Z\ P 

/a 1 ’ a2 ’ a3 ’ a4 (^(ai),W( a2 ),W( a 3), \Z] P \X l,X 2 ), 


(2.67) 


^,02,03,04 . py<H 0 pya 2 0 ly a 3 0 ^ g ya 5 J 

asG.4 

VF a4 [[xi/x 2 ]][xi,xj“ 1 ,x 2 ,x 2 1 ] 

W( ai ) ® W(a 2 ) ® W(a 3 ) ® \Z) P 

da 1 ’ a 2 ’ a 3 ’ a 4 (W(a 1 ),W (a 2 ),W; (a 3 ) , [Z] P -X i,X 2 ) 


( 2 . 68 ) 
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and 


h cn,a mi . wai 0 VF a 2 0 0 ^ JJ ya^ ^ ya^j 

g&5 eA 

-> Vr a4 [[xo/x 2 ]][x 0 ,a;o 1 ,X2,X2 1 ] 

W(<n) ® w (a2 ) <g> w (a3) (8) [Z]/ 

*-> h^ a ^ a ^( W(ai)jW{a2)jW(a3)i [Z]f, x 0 , x 2 ) (2.69) 

for a G A(ai, a 2 , 0,3, afi), sac/i that for any W( ai ) G IF ai 7 iU( 02 ) G IF 02 , W( a3 ) G IF“ 3 7 and any 

2 e II v “« ® v £>, c II v “.‘««VS«. (2-70) 

a5E.A ai 5 a2,a3,ct4? ct 5 6v4 

only finitely many of 

■C’“ 2 ’“ 3 ’ a *(w {ai) , W{a2) , W{a3) ,[Z} P] x 1 ,x 2 ), (2.71) 

g^’ a2 ’ a3 ’ a *( W ( ai ^ W ( a2 ^W(a 3 ), B([Z\p); xi, x 2 ), (2.72) 

and 

^a 1) a a) a 3)O4(w(ai)j ^ )> ^ )> ^ ([Z]p);X0>X2)} (2.73) 

a G A(ai, a2, 03, 04), are nonzero, 

(P([Z] P ))(w (a i), w (a2) , w (Q3 ); xi, x 2 ) 

f^ a2 ’ a3 ^(w {ai) ,w {a2) ,w (a3) , [Z] p - Xi ,x 2 )l 12 (e“ 1,a2,a3,a4 ), (2.74) 

o;GA(ai ,a2 ,a3,04) 

(P (B( [Z] P ) ) ) (W (a2 ), «7 (oi ), W (a3 ); X 2 , Xi) 

E ^ 1 ’ a2 ’ a3 ’ a4 KaO^(a 2 ),^(a3),^([^]r)^i^2)i2i (C’° 2 ’“ 3 ’ a4 ), (2.75) 

aGA(ai,a2,a3,a4) 

(i(^([^]p)))(^(ai), w (a2 ), w (a3) ; x 0 , x 2 ) 

E / i “ 1 ^ 2 ^ 3 .“ 4 ( W(oi) , W(a2) , U ; (a3) ,J-([Z]p) ; x o,x 2 ) t20 (e“ 1 ’ a2 ’ a3 ’“ 4 ), (2.76) 

aEA(ai ,a2,a3,a4) 

and the following Jacobi identity holds: 

x d 1 ^ ( Xl Xq X2 ^) fa 1,a2,a3,a4 (w {ai) ,w {a2) ,w ia3 ),[Z} P ;x i,X 2 ) 

-XoM ( X2 _ x ^ 9a’ a2,a3 ’ a4 ( W (a 1 ),W {a2) ,W {a3) ,B([Z}pfix 1 ,X 2 ) 

= X~ 1 S f gl X2 J ° ^ K 1,a2 ’ a3 ’ a4 ( w (ai),w ia2) ,w { a 3 ),J r ([Z\pfix 0 ,x 2 ) (2.77) 

for a G A(ai, a 2 , 03, 04). 
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3 ^-symmetry of the Jacobi identity 


In this section, we formulate and prove a symmetric property of the Jacobi identity for 
intertwining operator algebras under the symmetric group S 3 , which is the main result of 
this paper. Here is the precise statement of the main result: 


Theorem 3.1. In the presence of the axioms for an intertwining operator algebra except for 
the associativity property, we assume that there exists an isomorphism 


7: 


II 


V “ 4 

<21,<12,<23, <24,<256.4 <ll<25 


V “ 5 

K <22<23 


U V as 

<21 ,<22,<23,<24,<256^1 <21<22 


V “ 4 

<25 <13 


Ker P 


Ker I 


(3.1) 


satisfying 



(3.2) 


for any Gp, ■ ■ ■ , a 4 G A, and that the Moore-Seiberg equations H2.50 \ ) and \2.51\) hold, then 
the Jacobi identity for the ordered triple (w)( ai ), W( a2 ), ^(a 3 )) £ ]J^ =1 bb ai implies the Jacobi 
identity for the triple (u> (ar(1) ), u> ( 0t(2) ), tu (a .( 3) )) e ULi W a-r ( i ) for any r G S3. 


Remark 3.2. /n t/ie above theorem, since there’s no associativity in the assumptions, we 
have no fusing isomorphism. The assumption that the Moore-Seiberg equations \2.5(A) and 
H2.51\) hold in fact means that they hold with the fusing isomorphism replaced by the given 
isomorphism 7 in \3.1\) . Moreover, from 7 in \3.1\) and the isomorphism fT 1 ) we obtain an 
isomorphism 


B = 7~ l o f2 (1) o 7 : 

H 

<21, <22, <23, <24, <25 &A 


V “ 4 <g> V “ 5 

aids ^ <22<23 


H 

<21 ,<22, <23, <24, <256.4 


y<24 (g, ya 5 

<22<15 <21 a3 


Ker P 


Ker P 


(3.3) 


And we also assume that the isomorphisms 7 and B involved in the formulation of the Jacobi 
identity are replaced by the given isomorphism in H3.1\ ) and the deduced isomorphism in \3.3\) . 
respectively. 


The rest of this section is devoted to proving the S' 3 -symmetry of the Jacobi identity. We 
achieve this goal by establishing three results that lead to Theorem 13. 1 1 


Proposition 3.3. In the presence of the axioms for an intertwining operator algebra except 
for the associativity property, we assume that there exists an isomorphism 


7 


U V Q4 (R) V “ 5 

ai,a2,a3,a4,a5£A v aids ^ v 


0,20,3 


U 


4 V “ 5 

<21 ,<22,<23,<24,<256^1 <21<22 


V “ 4 

<25 <23 


Ker P 


Ker I 


(3.4) 
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satisfying 



for any a±, ■ ■ ■ , a A G A, and that the Jacobi identity for the ordered triple (w( ai ),W( a 2 ),u>(a 3 )) G 
Uli W ai holds, then for any a A G A, w' M G ( W a4 )' and Z G ]\ a ^ A V^ as 0 V a a \ a3 , there 
exists a multivalued analytic function 

^( W {a i )^(a 1 ),U! ia 2 ) ,W( a3) , [ 2 f] P \ Z h Z 2 ) G G ai ’ a2 ’ a3 ’“ 4 ( 3 . 6 ) 

such that 

(<»M.(P([2]p))(< 5( ai). 02)1 ^(113)1 *Pii z 2))u ra 31 Xi~e n 106 *i ,x%=e n 10822 1 

K*), (P(B([2]p)))(fi( <12) i ^(ai)) ^ x (o, 3 ) j *^2) *^l) ) 14 / “4 | a; =e T1 l°g z i } x™=e rl log z 2 > 

( W {a±)i (I(^ 7 ([^]p)))('^ ; (ai)) ^(a 2 )> ^{az)] ^0; x 2))w a * L™=e nlo s( z l- z 2),x™=e nlo s z 2 

and 

( W (a 4 )i (I(^ H^ r ([^]f , ))))('^’(a2); ^(ai); ^(03)) -^0; ^l))vy a 4 | ;r ™ =e >'>l°g( z 2- z l) l/r ™=e nlo g z l ( 3 . 10 ) 
are its preferred branches on R,\ , R 2 , R 3 and R A , respectively. Moreover, 

( W (a 4 )i (i(r([2] F )))(fi ( ai)) & (0.2)1 ^(03)1 X 0, X 2))w a ± | a .n = e 7ilog(z 1 -2 2 ) ,j.n_ e nlog22 

= ( W (a 4 )i (P(['2’]p))(^(ffii)) ^(a 2 )> ^(a 3 )j X l) x 2))w a ± Ly=e relogz l ,x%=e n log z 2 (3-11) 

on i/ie region 

S\ = {(21, z 2 ) G C 2 | Re^i > Re^2 > Re (21 — 22) > 0 , Irri2i > I11122 > Im(2i — 22) > 0 }, 
and 

( W (a 4 )i Q-(^ ^ (*^ r ([^]p))))('^ ; (a2)) 'W(ai)i W(a 3 y, x Oi ^l))w °4 | x » =e niog(z 2 -2: 1 ) ja .n._ e »logz 1 

= ( W (a 4 )i (P(B([Z]p)))(u)(a 2 )i ^(ai); ^(a 3 )j ^2, ^l))w a 4 | a ;”=e ,llo g z i,x5=e nlogz 2 (3.12) 

on i/ie region 

S 2 = {(21, 2 2 ) G C 2 | Re2 2 > Re2i > Re(2 2 — 21) > 0 , Ini2 2 > I11121 > Im(2 2 — Z\) > 0 }. 


(3.7) 

(3.8) 

(3.9) 


Remark 3.4. In the above proposition, the formulations involving the isomorphisms T and 
B have the same assumptions as we discussed in Remark\3fE below Theorem \3.1\ 
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Remark 3.5. In IQ], we proved that for intertwining operator algebras, the generalized ratio¬ 
nality, commutativity and associativity follow from the Jacobi identity. And its proof involves 
only one ordered triple (w( ai ),W(a 2 ),W( a3 )) G ]J ? =1 W ai for both commutativity, associativity 
and the Jacobi identity. Minus the skew-symmetnj condition, the above proposition becomes 
a one-ordered-triple version of Theorem 3.3 in \C]. However, for the sake of proving The¬ 
orem 1 3.11 we add the extra skew-symmetry condition in the above proposition to obtain the 
preferred branch \3.10\) on R 4 and the analytic extension relation i3.12\) . 

Proof of Proposition 1 3. .91 Since the Jacobi identity holds for the ordered triple 

(tD( ai ), w{ 0 . 2)1 r^(a 3 )) ^ Uti W ai , then for any a 4 G A, there exist linear maps 

C ’ 02 ’ 03 ’ 04 : W ai <g> W a2 <g> W as <g> 7 r P ( V “ 4 a5 ® V“ 5 J 

a 3 £A 

-»■ W aA [[x 2 /x 1 }}[x 1 ,xf 1 ,x 2 ,xf 1 } 

W( ai ) ® W(a 2 ) ® W(a 3 ) ® [Z]p 

^ fa’ a2 ’ a3 ’ ai (w [ai) , W( a2 ), W(a 3 ), [Z] P \ X h X 2 ), (3.13) 

g aua 2 ,a 3 ,a 4 . jy-U g, ^^2 g, ly a 3 g, ^ y^ g, y^J 

W( ai ) ® W(a 2 ) ® W(a 3 ) ® [£]p 

^ p a ll a 2l o 3l a 4 ( w;(ai)jU;(a2)jU;(a3)j [Z] P ;Xi,X 2 ) (3.14) 


and 


h *ua 2 ,a 3 ,a 4 . y/*! g, 0 pya 3 0 ^ ya^ g, y«4j 

< 156.4 

->• [[^0/^2]] [ar 0 , Xq 1 , x 2 , xf 1 ] 

W(ai) ® W(a 2 ) ® W(a 3 ) ® [ Z ]l 

K' a2 ' a3,a \ w {n),W{ a2 ),W( a3) , [Z\ I ;x 0 ,x 2 ) (3.15) 

for a G A(ai, a 2 , 03 , 04 ), such that for any 

2 e II C II V“ os ® V2„, (3.16) 

a,5£A ai , 02 , 0 . 3 , 04 , 0 . 56*4 

only finitely many of 

fa ,a2, a 3, a*(w (ai) , Wfa ), W(„ 3 ), [Z] P ; Xi, X 2 ), (3.17) 

C’0 2 ’ a3 ’ a 4(w (ai ), W(a 2 ), W(a 3 ), £([Z] P ); Xi, x 2 ), (3.18) 
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and 


(3.19) 


K mmm {w {n) , W (m) , «i(a s ). F(.lZ]py, X 0 , X 2 ), 
a G A(ai, a 2 , a 3 , a 4 ), are nonzero, 

(P([Z] P ))(w (ai ), M} (a2) , w (a3 ); xi, x 2 ) 

X /a 1 ’ a2 ’ a3 ’ a4 (W(a 1 ),W (a2 ),M)( a 3), [Z] P ;Xi,X 2 )tl2 (e 

o;GA(ai,a 2 ,a 3 ,a 4 ) 


ai,a 2 ,a 3 ,a 4 


4 ), (3-20) 


(P(S([Z] P )))(w (a2 ), M} (ai) , tD (o3) ; x 2 , xi) 

X] C’ a 2 ’ a 3 ’ a 4 (^(ai),w (a 2 ),M; (a 3 ) ,S([Z]p);xi,x 2 )t 2 i 

«€A(ai,a 2 ,a 3 ,a 4 ) 


(g a l, a 2,“3, a 4^ 


(3.21) 


(i(m2]p)))(KI(„,). “(oi). “>(«)! Xo, Xi) 

E (3.22) 


aEA(ai ,a2,0.3 ,04) 

and the following Jacobi identity holds: 
_ ljf fxi-x 2 


x 0 5 


x 0 

_U ( X2- Xl 


/al’ a2 ’ a 3’ a4 (W(ai), W (a2 ), W (a3 ), [Z] P ; Xi, X 2 ) 


-x 0 5 


-x 0 


0 ®!, 02 , 03,04 (^ (ai); w (aah w ia3h B{[Z}p);x 1 , x 2 ) 


= x 2 <5 


_ ljr ( Xi x 0 


%2 


J^ai,a 2 ,as,a 4 


(w iai) ,w ia2) ,w {a3) ,J r ([Z}p);x 0 , x 2 ) 


(3.23) 


for ck G A(ai, a 2 , a 3 , a 4 ). 

In analogy with the proof of Theorem 3.3 in jc|. we can obtain that, for any a 4 G .A, 
a G A(a 4 , a 2 , a 3 , a 4 ), there exists linear map 


F a : (IT 04 )' ® lT ai ® W a2 ® ® 7T P ( ]J V“ 4 as ® V a a 2 5 Q3 ) 

ag£A 

—> C[xi, xj 1 , X 2 , xj 1 , (xi - X 2 ) _1 ] 

with F a (w' M ,w {ai) ,w M ,w^ a3 ' ) , [Z} P ] Xi, x 2 ) denoted by the image of 

W (a 4 ) ® ™(®i) ® Wfa) ® W (a3 ) ® [Z]p 

under _F a , such that 

(W(a 4 )> /a 1,a2 ’ a3 ’ a4 (^(ai), W (a2 ), 75(03), [^]pJ ^1, X 2 )) W a 4 
tl 2 i 7 h('?X( a 4), W(ai), W( a2 ),W(a 3 ), [®]p,X 4 ,X 2 ), 


(3.24) 


(3.25) 
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(3.26) 


( W {a^ga' ’“'"(Weal), *(a 2 ), ™(a 3 ), ®{[ Z \p)i X l ,X 2 )) W *± 
^21-Pa(^(a 4 )) tP(ai)i ^( 02 )) ^(a 3 )j \ Z \pi Xi, X 2 ) 


and 


Ha4)^a , ° 2,a3,a4 (^(ai) J ^(a 2 ), ^(a 3 ) ? ^([^]p); ^0, X 2 )) W “4 
^20 (^(0,4) 5 ^(ai)? ^(a 2 )j ^(03)? [^]pj ^2 H” *^2) 

for a e A(ai, a2, 03, 04). Moreover, since G a n a 2> a 3,a4 j s a f ree nioclule over the ring 

C[xi, x^ 1 , x 2 , x. 7 1 , (xi - x 2 ) _1 ] 

with a basis {e“ 1 ’ a2 ’ a3 ’ a4 } QeA(ai)a2]a3!a4 ), we have 

G ai,a 2 ,a 3 ,a4 3 $(w' (a4) , W ( ai ),P(a 2 ), ™(a 3 ), [Z] P J 2 i, 2 2 ) 


(3.27) 


(3.28) 


aGA(ai,a 2 ,a3,a4) 


and 


(^( 04 )> (P([ Z M)(™(ai)> ^( 02 ), W>(«3); Xl,X 2 ))w*4 

^ 12 d* (^(a 4 )) tX(ai )) tV(a 2 )i IV( 0 , 3 ) 1 \ Z \pi ~ 1 j * 2 )> 

(^( 04 )> (P(^([ Z ]p)))(^(a 2 ), «Vi), ^( 03 ); ® 2 , an))W“4 

= hn$K( a4 ), ™( ai ), t/>(a 2 ), ™(a 3 ), [Z] P ; Z ls 2 2 ), 

(™(a 4 )> ^(a 2 ) ; X 0 , ^ 2 ))w“4 

= h20$(w' ( a 4) ,w)( ai ), M} ( a 2 ),W ( o 3 ), [Z] P ; 2i, Z 2 ). 


(^( 04 ) ) (P(^3( [^]p)) ) {tV ( 0 , 3)1 tV(ai)l tV ( 0 . 3)1 X 2 , Xl))jf »4 | x n_ e nlog 2 


and 


respectively. And the multivalued analytic functions 

( W (a 4 )> (PQ^lfOX^Vip tV( 0 . 2)1 tV( 03)1 Xl, X 2 ))iy a 4 |xi =2 


\ ai,a2,a 3 ,a4 

£ 2 Je Q 

(3.29) 


(3.30) 


(3.31) 


(3.32) 

!i, /i' 2 and i ?3 

are 

_g7llogZ 2 ) 

(3.33) 

,n_gn log 22 

(3.34) 

_ e n log 2 2 , 

(3.35) 


(3.36) 
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( W (a 4 )i (f (^([^]-P)))(^(a 2 ): ^(ai)> ^(“ 3 )> X 2 , ^l))w a 4 |xi=*l,® 2=*2 (3.37) 

and 

(^( 04 )) [^]n))) (^( 01 )) ^(a, 2 )i ^( 03 )) ^o, ^ 2 ))VF a 41 0 : 0 = 21 — 22 , 2 : 2=^2 (3.38) 

are restrictions of the multivalued analytic function $(- 11 /^, -u)( ai ), w^,w^ a3 ), [Z} P ] zi, z 2 ) to 
their domains |* 4 | > |z 2 | > 0 , |z 2 | > |^i| >0 and |z 2 | > |*i — z 2 | >0 respectively. 

Then by the definition of the preferred branch of an element of (Gr ai, “ 2 ’ a 3>“4 on _r 3 , we can 
deduce that 

( W (a 4 )i (I(*^'(['2']p)))(^(ai)) '^{a 2 )i 'J , (a 3 )', Xq, X 2 )) W a 4 | x n_ e nlog(z 1 -z 2 ) ) .j.n =e nlogz 2 

= ( W (a 4 ): (■P([^']f , ))(^(ai )5 ^( 02 ): ^(a 3 )j X l) x 2))lV a 4 la:"=e 7 llo s z l,o;J=e ,llo S 2 2 (3.39) 

on the region 

S 4 = {(* 1 , z 2 ) E C 2 | Re^i > Rez 2 > Re(z 4 — z 2 ) > 0, funy > Inm 2 > Im(^i — z 2 ) > 0}. 

Moreover, by skew-symmetry and (13.39p . we see that 

Ka 4 ), (I(^ (1) {?{[Z]p )))) (u) (a2 ), w (ai) , w (a3) ; ^0? ^ 1)) W a 4: | XQ=e n i°g( z 2— z i) J x™=c n i°g 2 i 
(^(04)’ (I(P([ 2 ] P )))(<», 

a,)i w (aaV’ e X 0> x 2))\V a * lr"=e’ ll '>K( J 2 -.l),r"=e" lo s .2 

= <«/ (oi) , (I(J-([ 2 ] P )))(fi, ai) ) IX(<12)1 ^(a 3 ) ) ® 0 , *^2) ) TV a 4 I x n— e n log(zi—z 2 ) x n =e n log z 2 

= ( W (a 4 )i (■P > ([^]n))('^’(ai): ^(a 2 ): ^( 03 )) ^ 1 : X 2 ))\V a 4 \x%=e nloez l,x2=e nlo s z 2 (3.40) 

on the region Si. So by the definition of the preferred branch of an element of G ai,a2,a3,a4 
on S 4 , we deduce that the preferred branch on R 4 of 3>(W( a4 ), W( ai ), W( a2 )> fU( Q3 ), [ 2 ]p;^ 4 ,z 2 ) 
is equal to the single-valued analytic function 

( W (a 4 )l (I(^^ 1 H^ r ([^]p))))('^'(a 2 ): ^(ai): ^(a 3 )i X 0 > ^l)) VK a 4 | x n =e nlog(z 2 -z 1 ) ja .n =e nlogz 1 (3-41) 

on the region S 4 . Since the preferred branch on R 4 of 3>(W( Q4 ), W( ai ), W( a2 ), tU( a3 ), [.Zjp; z 4 , £ 2 ) 
and the function (13.411) are both single-valued analytic functions on the domain i ? 4 which 
contains S 4 , by the basic properties of analytic functions we conclude that they are equal on 
i? 4 ; namely, the single-valued analytic function (I3.4ip defined on the region i ? 4 is the preferred 
branch of 4>(tc( a4 ^, W( ai ), W( ffi2 ), ^(a 3 ), [>2]p; ^i, - 22 ) on # 4 - Furthermore, by the definition of the 
preferred branch of an element of G ai,a 2 ,a 3 ,a 4 on we can conclude that 

( W (a 4 )> (I(^ ^ (J Z ([Z]p)))){w(a 2 ' ) , W {ai ), W(a 3 ); Xq, ^l)) W a * | x »= e » 1 og(z 2 -*i) J x»=e nlo 8 *i 

= ( W {a 4 )i (■P(^([^]^)))('^(a 2 ): ^(ai)> ^(a 3 )> ^ 2 , ^l))lV a 4 |a;»f=e nlo g *1 ,xj=e nlo «*2 (3.42) 

on the region 

S' 2 = {(zi, z 2 ) E C 2 | Re ~ 2 > Re^i > Re(z 2 — z 4 ) > 0, Imz 2 > Imzi > Im(z 2 — zi) > 0}. 
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So this proposition holds. 


Theorem 3.6. Assume that the assumptions of Theorem, 1,9. 1\ hold, then the Jacobi identity 
holds for the ordered triple (r7( a2 ), u)( ai ), w)( a3 )). 

Proof Consider any a 4 G A, w' M G (W ai )' and Z G Ua 5 &A V ata 5 « K 2 5 a 3 - Since 
the assumptions of Theorem 13.11 contain the assumptions of Proposition 13.31 we obtain 
a multivalued analytic function <f>(ta^ a4 ^ u}( ai ), u)( a2 ), W( a3 ), [Z]p; zi, ^ 2 ) (see (13.6ft ) such that 
(I3.7j) - ()3.10ft are its preferred branches on Ri, R 2 , R 3 and i? 4 , respectively. Moreover, the 
preferred branches on Ri, R 2 , R 3 and i ? 4 have relations (l3.llM3.12lh Interchanging Zi 
and z 2 in the multivalued analytic function < £( u ’(a 4 ), ^(ai), ^(a 2 ), W(a 3 ), [Z\p] Zi, z 2 ), we obtain 
another multivalued analytic function 

\Z\p\ z 2, Zi) (3.43) 

on M 2 = {(zi,z 2 ) G C 2 | Zi, z 2 ^ Oyi / z 2 }. By interchanging z 4 and z 2 in (I3.8[) . we see 
that 

(■P(^(['^]f )))(^(a 2)3 ^(ai)> ^( 03 )) ^1) x 2 ))w°4 \ x ™=e nl °z z l ,x%=e nl °z z 2 (3.44) 

is a branch of $(u/ (a4) , W( ai ), ^(a 2 ), W(a 3 ), [Z] P ;z 2 ,z 1 ) on the region R v 
Moreover, by interchanging z 3 and z 2 in (13. 12ft . we get 

( W (a 4 )> (^(^ \j Z {[Z] P ))))(W(a2)i ^(ai)> ^(a 3 ): x 2 ))w a * | x » =e n log(z 1 -z 2 ) )X «= e n lo e z 2 

= ( W (a4)i (P(^(['2']p)))(^(a 2 )> W( ai ),W(a 3 ); x li x 2))w a Ax r {=e nXo & z l, X 1 Z=e nlo z z 2 (3.45) 
on the region S\. Since the single-valued analytic function 

(w{ a ^(l{R(B([Z] P )))){w { 0,2)1 ^(dl)? ^(0^3)5 ^ 0 } '^ ,e l) S )W a A \ x n =e nlog(zi — z 2 ) ^ x n =e nlog z 2 

= ( w (a. 4 ,)i (^(^ H^ r (['^]p))))(^(a 2 )) ^(ai)) ^(a 3 ); 3^0) ^2))w a 4 | x n =e nlog( 21 - 22 ) )a ,n =e nlog 22 (3.46) 

on Si can be naturally analytically extended to the region R 3 , we therefore get a branch of 
^(^( 04 )’ ^(oih *( 02 )> ™(a 3 ), [^]p; ^ 2 , 2 i) oil the region R 3 . 

By (13.45ft and skew-symmetry, we have 

( W (a 4 )i 0 -(^ H^a^p))))^!), ^( 02 )) *( 03)5 x 0 > ^l))iv a 4 | x n = e n i°*(® 2 -® 1 ),x 5 l =e T ‘ 1 og * 1 

— ( w (04)1 (i {^ 1 \j r ([Z] P ))))(w {a2 pw (ai) ,w M -,e m 

x 0 1 x 2))w a i lxg=e 7llog G 2 - 2 i) j3 ;" =e " lo g z 2 

= {«.; a4) ,(i(sj« 1 '(J r ([2]p))))(i. ( a 2 ) 1 ^P(ai) i ^P(a 3 ) 1 x 0j x 2) ) W a 4 | x ™=e n lo s( z i —* 2 ) )X ™ =e n lo s 2 2 

= ( W [a4)i (P(^([^]p)))(^(a 2 ), W( ai ), U7( a3 ); X 4 , X2))lV a 4 | a; " =e ™log2i i a;^ =e "log2 2 (3.47) 
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on the region Si. Moreover, the first line of (13.471) on Si can be naturally analytically 
extended to the region i? 4 . So the single-valued analytic function 

( W (a 4 )i (I(^ \j-([Z]p))))(w(a 1 ),VJ(a 2 )i r ti , (a 3 )'iX0iXi))w a 4:\x™=e rllo s( z 2- z i),x , {=e rllo s z i (3.48) 

defined on the region i ? 4 is a branch of ^( w j a4 ), t 5 ( a p, W( a2 ), r 7 ( a3 ), [Z] P ;z 2 ,z 4 ) on the region 
i? 4 . 

Observe that [ Z] P E 7Tp(II age-/4 « V£J implies 

S(B([ 2 ]p)) 6 M ]J <8 V“„ ,). ( 3 , 49 ) 

a5g.A 

And since (I3.6jl - (j3.12j) hold for any [Z] P E ttp(LL , 5G _4 Va) Q5 ® V“ 2 5 a3 ), they should hold with 
[Z] P replaced by S(S([Z] P )) for any [Z] P G 7r P (LL 8 e.4 V ata 5 ® V^)- So replacing [Z] P by 
S(S([Z] P )) in (13. lip , we get 

( W [a 4 )i (P(#(#([- 21 ]p))))(W( 01 ), u)( a2 ), ^h(a 3 ); ^ 1 ; X 2 ))\V a 4, | x «= e "lo 8* 1 jX «= e nlogz 2 

= ( W (a 4 )i (I(^ r (S(S([2]p)))))('U)( a i), W(a 2 )i W{a 3 y, Xq, X 2 ))w a ^ \ x ^=e n, °s( z l- z 2 ) t x^=e nlo s z 2 (3.50) 
on the region S 4 . Interchanging z 4 and z 2 in (13.50[) , we obtain 

( W (a 4 )i (P(^(^(['2’]p))))('^(ai)j h)(a 2 )) h}( a3 ); X2, X 4 ))W“4 | x n= e " 1 og* 1 jX »= e nlo Sz 2 

= ( W {a 4 )i (I('^ r (^(^([^]p)))))(' ? r'(ai)) ^(a 2 )> ^(a 3 )i ^Oi ^l))W a 4 | x »= e ™log(» 2 -*l) )X »=e nlo s*l 

= { W {a 4 )i (I(^ ' ) ^ r ([^]p)))(' ? T'(ai)) ^ )(a 2 ), W(a 3 )'i %l))w a 4, | 3 ,n =e nlo g ( 22 - 21 ) j3 .n =e nlo g21 (3.51) 

on the region S 2 . Moreover, the first line of (I3.5ip on S 2 can be naturally analytically 
extended to the region i? 2 . So the single-valued analytic function 

( W [a 4 )l (P(^(S([^]p))))(h)( a i), Ulfa), 'ti( a , 3 )'l ^2, 1 ) ) IV a 4 \ x n =e n log z lx u =e n log z 2 (3.52) 

defined on the region R 2 is a branch of < h('ir’( a4 p W( 0l ), iu(a 2 ), ^(a 3 ), [-Z(]p; z 2 , 24) on i?2. 

From the above discussion (I3.44p - fl3.52p . we see that the multivalued analytic functions 

i^(a 4 ) 1 (P(^( [^]p))) (r 5 (a 2 ) j r 5 ( ai ), rt)( a3 ), x 4 , x 2 )) w a 4 (211=21,212=22 5 ( 3 . 53 ) 

( w {a 4 )i (P(^(^([^]p))))(^(ai), h)( a2 ), W(a 3 )')X 2 , Xi))jy a 4 |ii=zi, 12=22 (3.54) 

and 

( w (a 4 )i (I(^ r (^(['^]p))))(^(a 2 )> hi( ai ), rD( a3 ), Xo, X2))w a ± Uo=2i— 22 , 2 : 2=22 (3.55) 

are restrictions of the multivalued analytic function 3 >(i/^ 04 ), w)( ai ), wi( a2 ), tu( a3 ), [^]p( ^ 2 , £ 1 ) to 
their domains |zi| > |z 2 | > 0 , |z 2 | > |*i| > 0 and |z 2 | > |* 4 — z 2 | >0 respectively. So with 
the branch (I3.44p chosen as the preferred branch on Si, $(rU( a4 ), tU( 0l ), «i(o 2 ), iti(a 3 ), [-2T]p; Z 2 , Z\) 
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becomes an element of Q a 2 ,ai,a 3 ,a 4 _ M oreover; by (13.451) . (I3.46j) . (13.47ft . (13.48ft . (13.51ft . (13.52ft . 
and by the definition of the preferred branches of an element of G a2,ai,a3 ’ a4 ‘ on r 2 an( ] r 3j we 
see that 


( W (a 4 )i (P(^(^(['2’]p))))(^(<u)> ^(a 2 ), W(a 3 y, X 2 , x l))lV a 4 | x y= e »log*i jX n_. e nlog* 2 (3.56) 

and 

( w (a 4 )> (I(^ r (^([^]p))))('?h( a2 ), W( ai )l W ( 0 , 3)1 X 0 , X 2 ))jya 4 | x n =e nlog(*i-* 2 ) jX » =e nlogz 2 (3.57) 
are the preferred branches of ^ > ('^( a4 ), fu(ai)j fu(a 2 ), fu( a3 ), [^]p! ^2, £1) on /?, 2 and i? 3 respectively. 


Therefore, we have 

<W(04)» (P (B([Z]p)))(w {a2) ,W {ai) , 75(03); xi, X 2 ))w“4 

= ^i2$K (a4) , w (ai) , W(a 2 ), w ( o 3 ), [2 ]p; z 2 , «i), (3.58) 

Ka 4 )’ (P(^(^([^]p))))(^{ai), ^(a 2 ), X 2 , Xi)) W »4 

= Ln$K (a4) , w {ai) , w (a2 ), tD (o3) , [£] P ; * 2 , Zi), (3.59) 

( W (a 4 )’ (i( Jr ( S ([ Z ]^))))(^2))W } (ai), W (a3) ; X 0 , X 2 )) W a 4 

= i 20 ^(w{ aA) ,W( ai ),w {a2) ,w {a3) , [Z}p-z 2 ,z 1 ). (3.60) 

Let {e“ 2,ai,a3 ’ a4 } QgA ( a2iaiia3ja4 ) be a basis of G a2 ’ ai,a3,a4 over the ring 

C[xi,xb 1 ,x 2 ,x^" 1 , (xi - x 2 ) -1 ]. (3.61) 

Then there exists unique 

G a (w{ a4) ,w M ,w {ai) ,w {a3) ,B([Z}p)-,x 1 ,x 2 ) G C[xi,xr 1 ,x 2 ,X 2 1 , (xi -x 2 ) _1 ] (3.62) 

for a G A(a 2 , oq, a 3 , 04 ), such that only finitely many of them are nonzero and 

< ^ > (^ , (a 4 ); ^(ai)> ^(a 3 )> ^2j m) 

(ja(^ 04) , w (a2 ), u} (ai) , u} (a3 ), /5([Z]p); xi, x 2 )e“ 2,ai,a3 ’ a4 . (3.63) 

aEA(a2 ,ai ,a3 ,a4) 

By (12.361) and (13.21) , we see that B = is an isomorphism and that 

B(M II K*. ® K’J) = M II ® V«,) (3.64) 

& 5 EA 0,5 G A 
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for any ai, • • • , a 4 E A. So we can define linear maps 


fa’ ai ’ a3 ’ a4 (w(a 2 ),w (ai) ,w {a3) ) : 

M II V ^a 5 ® Kia 3 ) “>• ( 3 ‘ 65 ) 

gT’ ai ' a3 'a*(w {a2) ,w (ai ),w {a3) ) : 

M II ® V a 2 a 3 ) w /a4 [xi,xr 1 ,x 2 ,x^ 1 ][[xi/x 2 ]], (3.66) 

CL5 


by 


C’“ 1 ’ a 3’ a 4 (^ ( a 2 ) ,^(ai ) ,^(a3)) = 

*l{ II V £ai ® V “ 5 4 a 3 ) W^Xo, ^0 \ X 2 , ®2 ^ [[V^]] (3-67) 

a5€v4 

Ka 4 )’ C’ 01 ’“ 3 ’“ 4 (™M, ^(ai), ^(as), -B([^]p); ^ 1 , ^)>W“4 

^12^7a (^( 04 )) ^(a 2 )) ^(ai) > ^( 03 ) > \^\ p ) > *^1 j *^ 2 ) j (3.68) 

( w M’^ 2,ai,a3 ’ a4 ^(“ 2 )’^(“i)’^(“3)>^(^([ z ]p)); a; i’ x 2))w“4 

^21^a (^(a 4 ) j ^(a 2 )j ^(ai) j ^(a 3 ) 1 l^\ p) 1 ^ 1j ■^ 2 ) j (3.69) 


Ha 4 ), ^a 2 ’ Ql ’ Q3 ’ a4 (^(a 2 ), W (ai) , tZ> (a3 ), 7 r (i3( [Z] P )); X 0 , X 2 )) W “4 

= t 20 G a (w , (a4 ),W( a2 ),W( ai ),W(a 3 ), B([Z]p);x 2 + x 0 , x 2 ) (3.70) 

for w (a 4 ) e (W'" 04 )', £ e IIa 5 e^ v “ia 6 ® K|a 3 and a E A(a 2 ,ai,a 3 ,a 4 ). Then by (j3.58|)-(|3.60|) 
and (13.63f) . we have 

(P(e([2]p)))(TO (M) , «)(„), to (o ,);xi,x 2 ) 

£ /»«.».“*(«)(„),»(„), (3.71) 

o;GA(a 2 ,ai ,«3, 04 ) 


(P(^(^([^]p))))(^{ai), W( Q2 ), tD(a 3 ); X 2 , Xi) 


a 2 ,ai,< 23 ,a 4 


aGA(a 2 ,ai ,^ 3 , 04 ) 


(w (a2 ), w (ai) , M)( a3 ), #(£([£] P )); Xi, X 2 )t 2 i(e: 


a 2 ,ai,a 3 ,a 4 


), (3.72) 


(i(P(®([^ll’))))(«’(«). *(«.)’ «'(os);*0,X2) 

E /i® 2 ’ 0l ’° 3 ’ 04 ('h} (a2 ), f7( ai ), iZ^ag), ^"(^([.Zjp)); x 0 , x 2 )t 2 o(e(!( 2 ’ ai ’ a3 ’ a4 ). (3.73) 

aSA(a 2 ,ai,a 3 ,a 4 ) 
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Moreover, by (13.62p and Proposition 12.11 we have 


V* y Xq X2 J i i 2 G a (w[ a4) ,w M ,w {ai) ,w {a3) ,B([Z}p)]x 1 ,x 2 ) 

^0 ^ ^ (ia^ a4 ^, W( a2 ), ia( ai ), W(a 3 ), i3( [2]p), 3.’i, X 2 ) 

= x 2 ls ^2oG a {w[ a4) ,w {a2) ,w M ,w ia3) ,13([Z}p)]X2 + X 0 ,x 2 ) (3.74) 

for a G A(a 2 , ai, 03 , 04 ). Since G (bP a4 )' is arbitrary, by (I3.68jh(l3.70li and (I3.74P the 
Jacobi identity holds for the ordered triple (tt}( a2 >, w)( ai ), ?h( a3 )): 

X 0 ±S /: 2 ’ ai ’“ 3 ’ a4 (^(a 2 ), ^(ai), ^(a 3 ), B([Z] P ) ]Xl , X 2 ) 

-x?5 g^’ ai ’ a3 ’ a4 (w M ,w iai) ,w ia3 ),B(B([Z]p));x u x 2 ) 

= x^S ( Xl X2 X ° ^j /i“ 2 ’ ai ’ a3 ’ a4 (h} (a2 ), w (ai) , w (a3) , J r (B([Z] P )); x 0 , x 2 ) (3.75) 

for Z G U as ^V - 5 ® V “ 2 5 a3 and a G A(a 2 , ai, 03 , 04 ). Since B is isomorphic, by (I3.64[) we see 
that B([Z]p) in (I3.7ip - (l3.75p can be any element in 7 r P (]J a5g ^ V“ 2 4 ag <g) V^J. So the Jacobi 
identity holds for the ordered triple (vj( a2 ), W( ai ), W( a3 )). ■ 

Theorem 3.7. Assume that the assumptions of Theorem \3. 1\ hold, then the Jacobi identity 
holds for the ordered triple (w)( ai ), t7( a3 ), w)( a2 )) . 

Proof. Consider any a 4 G A, w[ a4 ) £ (bh a4 )' and Z G U^eA^atas <8> V“ 2 s a3 . Observe that 

e -x* L P) w ' {ai) e (jy a4 )'[z 2 ]. 

Then it can be easily derived that Proposition 13.31 holds with w' (a y replaced by e -® 2 £(i) w ' 

In particular, replacing w'^ by e - a: 2 L( 1 ) w / in (13.6p . we get a multivalued analytic function 

^(e- X2LW w[ a4 yW {ai) ,w {a2) ,w {a3) , [Z] P ; Zl ,z 2 ) G G ai ’ a2 ’“ 3 ’ a4 . (3.76) 

Moreover, replacing the complex variables (zi,z 2 ) by (zi — z 2 , —z 2 ) in (13.761) . we get a mul¬ 
tivalued analytic function on M 2 = {(zi,z 2 ) G C 2 | W, z 2 7 ^ 0, Zi 7 ^ z 2 }, which shall simply 
be denoted by 

<&(e- X2L{1) w[ a4) , w {ai) , w {a2) , w {a3) , [2£]p',z x -z 2 ,-z 2 ). (3.77) 

Consider the simply connected region in C 2 obtained by cutting the region \z\ — z 2 \ > 
\z 2 \ >0 along the intersection of this region with 

{(W) w) G CP | z 2 G (— 00 , 0]} U {(zi, z 2 ) G C 2 | Z\ — z 2 G [0, +cx))}. 
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We denote it by R 5 . Replacing w[ ai ) by e X2L( Rw', a n, and then (z 1 ,z 2 ) by (z\ — z 2 , —z 2 ) in 
we see that 

(e 2 ^W(a 4 ),(P{[£]p))(W(ai),W( a2 '),W( a3 ')',Xo,X 2 ))w a 4\ x n =e nlog(z 1 -Z2) tX ™ =e nlog(-Z2) (3.78) 

is a branch of ^(e~ X2L ^w'^ a4 y W( ai ), th( a2 ), W( a3 ), [Z]p\ z\—z 2 , —z 2 ) on the region R 5 . Moreover, 
the skew-symmetry isomorphism implies 

( W (a A )l (P(^^([- 2 ]p)))(wi(oi)) h)( a3 ), W(a 2 y, Xl, X 2 ))w a 4 | x » =e nlog* ljX n_ e «log * 2 

_ ( e X2L< ^>w ( a4 ), (P([2]p))(h)(o 1 ), f7(a 2 )) ^( 03 ); ^ 0 ) e 7rl ^2))w a 4 | a; ™ =e «i o g(zi-z2) J x5=e" 1 °g z 2 
= (e 2 ^ ^( a4 ), (P([^]p))('^’(a 1 ),h)( a2 ),h)(a 3 );x 0 ,x 2 ))w a 4| 3 ,™ =e ni°g( 21 -z 2 ) ja ,n =e r l iog(- Z2 ) (3.79) 

on the region {(^i,^ 2 ) G C 2 | Re^i > — Rez 2 > 0,Im^ > — Imz 2 > 0}. And observing that 
the single-valued analytic function 

( w (a 4 )i (P(^ \[Z]p)))(u)(a i); ^(o 3 )j W(a 2 )'l Xl, X 2 ))W °4 | x n =e nlog*i )X n_ e »log * 2 (3.80) 

on the region {(^i,^ 2 ) G C 2 | Re^i > — Rez 2 > 0, Im^i > —Imz 2 > 0} can be naturally 
analytically extended to the region R \, we can conclude that the single-valued analytic 
function (13.801) on Ri is a branch of <&(e~ X2L ^w^ ai y W( ai ), u)( a2 ), fu( ffl3 ), — £ 2 , —z 2 ) on 

A,. 

Let (a 0 ,& 0 ), (ai,6i), (a 2 ,6 2 ) and (a 3 ,6 3 ) be four pairs of fixed positive real numbers 
satisfying 


ao > bo > ao — b 0 > 0 , ai > ai — fei > 61 > 0 , 

b 2 b 2 — n 2 > o 2 > 0 , 63 > 03 > &3 — 0.3 > 0 . ( 3 . 81 ) 

Then we shall obtain branches of u>( ai ), w)( a2 ), t7( a3 ), [<Z]p; £1 — £ 2 , —z 2 ) by an¬ 

alytical continuations along curves. 

First of all, we consider the simply connected region 

0 = C 2 \({(^, z 2 ) G C 2 | G [ 0 , +00)} U {(^i, z 2 ) G C 2 | z 2 G [ 0 , +00)} U 

{(^ 1 , Z2) G C 2 | - z 2 G [ 0 , +00)}). 
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Define a path 7 : [0,1] —> 0' by 


7(f) = (^i(f),^(f)) 

f(a 0 (l - 7t) + 7ait)e^\ (b 0 ( 1 - 71) + 7bit)e* m ^ 

(aie*™, he |™+( 7 *-i)^ 

(M3 - 7 1) + a 2 (7t - 2))eK (^(3 - 7t) + b 2 (7t - 2))ef™) 
(a 2 e3 7ri+(7t " 3) ^, b 2 e^ ni ^ 
b 2 ei™ + (62 - a 2 )ei 7ri+ ^- 4 ) 7ri , 6 2 el™) 

(26 2 - a 2 )ef ,ri - (7 *- 5) ^, fe 2 e!™- (7t - 5) ™) 

(7(26 2 -a 2 )(l-t) + a 0 (7t-6))eK 
(76 2 (l-t) + 6 0 (7t-6))e3 m ) 



t G [0, i], 

fe(if], 

f £(?,?], 


(3.82) 


fe(f, Ij- 


See Figure 1 for an illustration. Then 7 (f) C 0'. We choose a simply connected region 

A = {(zi,z 2 ) G C 2 | maxflzi - z t (t)\, \z 2 - z 2 (t )|) < £ t } (3.83) 


for each t G [0,1], where e t is a sufficiently small positive real number for each t G [0,1] such 
that 


D 0 C 0' fl {(zi, z 2 ) G C 2 | Rezi > Rez 2 > Re(zi — z 2 ) > 0, frnzi > Imz 2 > Im(zi — z 2 ) > 0}, 


A C 0' fl {(zi, z 2 ) G C 2 | |zi| > |z 2 | > 0} for t G (0, ^), 

7*2 c 0' fl {(zi, z 2 ) G C 2 | Rezi > — Rez 2 > 0, Imz\ > —Im z 2 > 0}, 

2 3 

A C 0' D {(zi, z 2 ) G C 2 | Rezi > 0 > Rez 2 , frnzi > 0 > Imz 2 } for t G (-, -), 

Di c 0' fl {(zi, z 2 ) G C 2 | —Rez 2 > Rezi > 0, —Imz 2 > Imzi > 0}, 

A C 0' n {(zi, z 2 ) G C 2 | | z 2 1 > |zi| > 0} for t G (^, ^), 

D 4 c 0' fl {(zi, z 2 ) G C 2 | Rez 2 < Re(z 2 — Z\) < Rezi < 0, Imz 2 < Im(z 2 — z±) < Irnzi < 0}, 

A C 0' fl {(zi, z 2 ) G C 2 | |z 2 | > |zi — z 2 1 > 0} for t G (~, 1), 

A = D 0 . 


With some straightforward calculations, the existence of e t can be easily verified. We omit 
the details here except that we shall write more about e t for t G (|, |). Note that |zi(t)| = a 2 
and |z 2 (i)| = b 2 for t G (|, |). So for each t G (|, |), to ensure that D t C 0', we must have 
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Figure 1: 7 ( 2 ) 


y(t), te [0,1/7] y(t), te [1/7,277] 




Y(t), te [2/7,3/7] 




Y(t), te [4/7,5/7] 




Y(t),te [6/7,1] 


> 

* 

-if Z2 

/ 

0 
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e t < a 2 , which further implies e t < |6 2 by (13 .81 j) . Thus Rer 2 < 0 and Inm 2 < 0 for any 
(zi, z 2 ) £ D t with t £ (|, |). With these simply connected regions, we can see that 

ft — ( w (a 4 )) (■P(^ < ' 4 H[^]p)))('^’(ai)) ^(a 3 )) ^(a2)j ^1) a: 2))w°4 | a ,n =e nlo g2l 3 ,j =e r 1 logz 2 (3.84) 

is a single-valued analytic function on the region D t for each t £ [0, |]; 

/t = (e 2 (P([^]p))('u)( ai ), ■u)( a2 ), ^(ag); Xo, x 2 ))^ya 4 | a ,„ =en i og ( zl _ Z2 ) (3.85) 

is a single-valued analytic function on the region D t for each t £ (|, |]; 

ft = (e“ X 2 L( 1 V (a4) , {l(J r ([Z}p)))(w {ai) ,w {a 2 ) ,w {a 3 ) \x l ,x 2 ))w a Ax'{=e^ o zzi ,xS= C "iog(-*2) (3-86) 

is a single-valued analytic function on the region D t for each t £ (|, |]; and 

ft — ( w (ai)i \[^]p )))) ( ai ) , W(a 3 ), W(a 2 )', Xq, X 2 ))w a 4 \ x ™= e nlog ( z i- z 2) ,x%=e nlogz 2 (3.87) 

is a single-valued analytic function on the region D t for each t £ (t, 1], Next, we shall show 
that {(ft, Dt) : 0 < t < 1} is an analytic continuation along 7. 

Firstly, it can be derived from the skew-symmetry property that on the region D 2 , 

f 2 = (w{ a4) ,(P(^\[Z} P )))(w {ai) ,w {a3) ,w { a 2 )', x l, x 2))w a * \x?=e nlosz i,x%=e nlogz 2 

= (e 2 ^ ^W( a4 ), (P([JS]p))(w( ai -),W(a 2 '),W( a3 y,X o,e x 2 ))w a Ax^=e nlog( ~ z t- z 2 ),x^=e nlogz 2 

= (e 2 ^ ^(a 4 ), (■P(['^'].p))('^(a 1 ), ^( 02 ), ^(a 3 ) ! ^o, ^ 2 ))tV“4 \ x n =e nlog(z 1 -z 2 ) jX n =e nlog(-z 2 ) . (3.88) 

Secondly, replacing (w[ a4 ), Zi, z 2 ) by (e~ X2 L ^Z\ — z 2 , —z 2 ) in (13. lip , we can derive that 

/| = (e 2 ^ (P([2(]p))(u)( ai ), u)( a2 ), u}( a3 ); Xo, x 2 ))iya 4 | a ,„ =eTl i 0 g( 2!1 _ Z2 ) a ,„ =e , l i 0 g(_ Z2 ) 

= (e 2 ^ ' > U’( a4 ), (I(J-'([2]p)))(’U)( ai ), U)( a2 ), Xl, X 2 ))M/ n 4| a ,r* =en log 21a ,n =e nlog(- 22 ) (3.89) 

on the region D 3 . Thirdly, we shall prove that on the region D±, 

7 7 

/| = (e 2 ^( a4 ), (I(J r ([2]p)))(u’( ai ), u)( a2 ), u)( a3 ); Xl, X 2 ))vi /“4 | 3 ,n =e nlog Zl 3 ,n =e r l log(- 22 ) 

= ( w (a 4 )) ^ i[£]p) )))('& (a 1 ), ^(a 3 ); ^(a 2 ); ^0) x 2))w a 4, \ x ft=e n l°s(*i-* 2 ) ,x%=e n l°g 2 2 • (3.90) 

By skew-symmetry, we have 

(e 2 ^ ^(a 4 ), (I((f^ 1 )^^ 7 ([^’]p)))('k((a 2 )) ^(ai), W(a 3 ); 2 ^ 1 , ^o))w“4 | a .r 1=e nlog(- 2 1 ) ia ,n =e nlog( 2 1 - 2:2 ) 

= (e“ a:2L(1) u;' (a4) ,(i(J r ([Z]p)))(h; (ai) ,h; (a2) ,w (a3) ;e m Xi,x 2 ))vK-4| ;c n =e „iog(-, 1 ) )3; n =e „iog(-, 2 ) 

= (e 2 ^u;( a4 ), (I(J r ([2]p)))(u}( ai ), ■u)( a2 ), Xl, X 2 ))ll/o 4 | a ,r 1=e r 1 log Zlj3 ,n =e nlog(- 2 : 2 ) (3.91) 






on the region D±. Moreover, note that [Z\p G ^p(Wa 5 &A Kta 5 ® K 2 a 3 ) im P lieS 

b-Hb-HWp)) 6 M n US, ® vs,,. 


ase.4 


So replacing [Z] P by B 1 (B 1 ([Z\ P )), (w[ a4) , z 1} z 2 ) by (e zi ~ z 2 , -z 2 ) in 03.12}, 

we obtain that 


(e * 2 L( 1 V (a 4 ) ,(P(B 1 ([^]p)))(^(a 2 ); W^ ai ),W^a 3 y,X 2 , X 0 )) W a 4 

= (e~ X2L{1) w[ a4) , (I((fi- 1 ) (i) J r ([Z] P )))(w (a2) , w (ai) , w (a 3 ) ;xi,x 0 ))iv “4 


a;™=e nlo s( z i- z 2 ) 

ij=e nl °s(- z 2 ) 


2 ,n_ e n log( — 2j) 

a;^=e nl °s( z i- z 2 ) 


(3.92) 


on the region D±. Furthermore, by the Moore-Seiberg equations (12.50} and (12.51} . we have 

j^q ( 4) = = o ^b~\ ( 3 . 93 ) 


So this together with the skew-symmetry isomorphism implies 


x n =e nl°g(zi-z 2 ) 

x%=e n lo s 2 2 


(w{ a y, (I(^(^ (4) ([^]p))))(w( a i), w {a3) ,w {a2 yx 0 , X 2 ))w *4 

= (™(a 4 )> (I(^ (2) ^ _1 ([^]p)))(^(ai), h}(a 3 ), h)( a2 ); Xo, X 2 ))w»4 

= (e X2L{1) w[ a4)l (P(B-\[Z} P )))(w {a2 yw (ai) ,w {a3 ye~ m x 2 ,x 0 ))w^ 
= {e~ X2L{1) w[ a4) , (P (B- 1 ([Z]p))){w {a2 yw {ai yw {a3 yx 2 , X 0 )) W a 4 


x n =e nlog(z 1 -z 2 ) 
x n =e nl° S z 2 


X™=e rllo B( z l- z 2) 

x n =e nl°gz 2 


Xq =e n Iog ( z i— z 2) 
x 2 =e n lo s( —z 2) 


(3.94) 


on the region Th. Therefore, (13.90} holds by 03.91} . 03.92} and 03.94} . 

So to sum up, {(ft, D t ) : 0 < t < 1 } is an analytic continuation along 7 . 

Since & is simply connected, 7 C (S' and 7 ( 0 ) = 7 ( 1 ), we can derive that f 0 = fi on the 
region hoflhi = D 0 . Moreover, since /o and fi are both single-valued analytic functions 
on the domain S± which contains D 0 , we deduce that / 0 = fi on Si. Namely, 


( W [a 4 )i (P ( [-2] p) ) ) (v)( ai y W {a3) ,W [a2 y Xl, X 2 )) w a 4 | x n =e nlog*i x n =e nlogz 2 

= ( w (a 4 ,)i (^(•^’"(^ ^ p) ))) (^(a-i), h)( a3 ), W(a 2 y, x 0 , X 2 ) ) W a i \ x £= e n lo s( z i ~ z 2 ), x $=e n lo s z 2 (3.95) 

on the region Si. Furthermore, since the first line of 03.95} defined on Ri is a branch of 
03.77} . and the second line of 03.95} on Si can be naturally analytically extended to the 
region R 3 , we conclude that 

( W (a 4 )> (I(‘7 r (^ < ' \[Z]p))))(W( ai yW( a3 yW( a2 y, Xq, X 2 ))w a 'i\ x ™ = e- n -l°s( z i- z 2 ),xZ=e nlo s z 2 (3.96) 
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on R 3 is a branch of <f>(e * 2i(1 V (a4) , tU( ai) , u)( a2 ), w (a3 ), [Z] P \ z x - z 2 , -z 2 ) on R 3 . 

Then, by skew-symmetry isomorphism and by (I3.95p . we can deduce that on the region 

Si, 

(^ a 4),(i(fi (i) ^ (4) ([Z]p))))(h}( a3 ),h}( ai ),n; (Q2 ); Xo, X\))w a 4, |xQ=e nlog ( z 2 _z l),a;J=e ,llo S 2! l 

= ( W (0,4) > (I(^(^ H[^]-P))))C^(ai); ^(03)) ^(02)! e XOi X 2 ))w a 4 , | x"= e " 1 °b(z2~ z i) : x%=e rllog2 2 
= ( W ( 0 , 4)1 ^ ([^]p))))(^(ai)) ^(a 3 ), ^(a 2 )5 ^0, ^ 2 )) W a 4 | x n = e«l°g(*i-* 2 ),x”=e nlog2 2 

= ( W ( 0 . 4)1 ([^]p)))(^(ai)j ^(a 3 )> ( 0 . 2)1 x h x 2))w a ± \x"=e n log 2 i ,X 2 =e nlog 2 2 • (3.97) 

Since the last line of (I3.97j) defined on is a branch of (13.771) . and the first line of (j3.97j) 
on Si can be naturally analytically extended to the region i? 4 , we conclude that 

( W (a 4 )i (I(^ ^ ([2]p))))('l/}( 03 ), W( ai ), W(a 2 )l X 0 > 2h))w“4 \ x n =e nlog(z 2 - 2 : 1 ) x n =e nlogz 1 (3.98) 

on R .4 is a branch of <3>(e -a:2L(1 W (o4) , tu( ai ), iU( a2 ), W( a3 ), [£]p; zi - 32 , - 32 ) on i? 4 . 

Next, we consider the simply connected region 

0 = C 2 \({(z 4 , z 2 ) G C- | Z\ G [ 0 , +00)} U {(z 4 , 32) £ C 2 | z 2 £ [ 0 , +00)} 

U{(z 4 , z 2 ) £ C" | z 2 — 3l G [ 0 , +00)}). 


Define a path a : [0,1] —> 0" by 
a(f) = (zi(t),z 2 (t)) 


0304™, <2304™ + (63 — a 3 )0 4 7n+7fc "j 


t G [0, |], 


= 


(a 3 (2 - 7t) + a 0 (7t - l)) e 3 -, 

((2a 3 — 63 ) (2 — 7t) + b 0 (7t — l)) e ^ 

(a 0 (3 - 7t) + a 4 (7f - 2)) e * wi , (6 0 (3 - 7t) + &i(7t - 2)) e * 

0103 ^, 

(a 4 (5 - 7f) + a 2 (7t - 4))e* m , (b\ (5 - 7t) + b 2 (7t - 4))e* 
a 2 e* ni , 5 2e !«-(7t-5)^j 

(7a 2 (l - t) + a 3 (7t - 6))03 7r *, (76 2 (1 - t) + b 3 (7t - 6))03™j fG (§,!]. 


t G 
t G 
t G 
t G 
t G 


■1 21 
,75 7 b 

■2 3] 
,75 7 J, 

3 4] 
,75 7 JJ 

•4 5] 
,75 7 J) 

•5 6 ] 
.71 711 


(3.99) 


See Figure 2 for an illustration. Then a(t) C 0". We also choose a simply connected region 

E t = {( 21 , 32 ) e C 2 | max(|zi - z 4 (f)|, \z 2 - z 2 (t )|) < e t }, (3.100) 

for each t G [0,1], where e t is a sufficiently small positive real number for each t G [0,1] such 
that 


E 0 C 0" fl {( 3 , £ 2 ) G C 2 | Rez 2 > Rez 4 > R,e(z 2 — zi) > 0, Imz 2 > Irnzi > Im(z 2 — z 4 ) > 0}, 
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Figure 2: a(t) 


o(t), te [0,1/7] 



o(t), te [2/7,3/7] 



X 

/ 

/ 

0 


a(t), te [1/7,2/7] 



\ 

A 

/ 

0 



o(t), te [4/7,5/7] 




o(t), te [6/7,1] 



\ 

X 

/ 

> 
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E t C 0" n {(zi,z 2 ) G C 2 I |^i| > \z± - z 2 \ > 0} for t e (0, ^), 

E 2 c 0" n S'!, 

7 

E t c 0" n {(z!,z 2 ) e C 2 1 |^i| > \z 2 \ > 0} for t g (j, ^), 

Ea c 0" D {(^i, £ 2 ) G C 2 | Re^i > —Re^ 2 > 0, Imzi > — Imz 2 > 0}, 

4 5 

E t C 0" fl {(^ 1 , z 2 ) G C 2 Re^i > 0 > Re^ 2 , Imzi > 0 > Imz 2 } for t G (-, -), 
Es C 0" fl {(^i, £ 2 ) ^ C 2 | —Rez 2 > Re^i > 0, —Im ^ 2 > Imzi > 0}, 

Ef C 0 H {(^ 1 , ^ 2 ) G C 2 | 11 > I- 21 1 > 0} for t G ( —, 1), 

E\ = Eq. 


Thus 


9t = (w' (a4) , (!(fi (1, J zr (fi (4) ([Z]p))))(w( a3 ),'u}( ai ),'«}( a2 );xo,xi))iy a 4 


x ™=e nlos ( z 2- z l) 

x n =e nlogz 1 


(3.101) 


is a single-valued analytic function on the region E t for each t G [0,1]; 

9t = { w (a, 4 ,)i (P^^Ht^l-P^K^ai)) ^( 03 ); ^(o 2 )j x li x 2))w a 4,\ x ?=e nIogz i,x2=e nlo z z 2 (3.102) 
is a single-valued analytic function on the region E t for each t G (|, |]; 

9t = ( e 2 ^^(a 4 ) ) (P ( [^] p) ) (^(ai) ) ^(aa) ) ^(as) j *^0) ^ 2 ) ) W a 4 I x n =£ n log(z 1 —z 2 ) x n =e nlog(—z 2 ) 

(3.103) 

is a single-valued analytic function on the region E t for each t G (|, |]; and 

— ( M; (a 4 )) (P(^(^^H[^']-P))))('^’(a3)5 ^(ai)’^(< 12 )) ^ 2 ) ^l))w a 4 |3;y = e"logU i: Ej=e nlo s z 2 (3.104) 

is a single-valued analytic function on the region Et for each t G (|, 1]. Next, we shall show 
that {((?j, E t ) : 0 < t < 1} is an analytic continuation along 7 . 

Firstly, by (13.97P we have 


9z — ( w (a 4 )> (I(^ ^J r (fi^([^]p))))(u)( 03 ),7i;( 0 i),u;( oa );a;o,xi))w a 4| a ;n_ e niog(* 2 -*i) )X n =e n io gei 
= (^(a 4 )) (P(^^([2]p)))(W( ai ), W( a3 ), W( a2 ); Xi, •^ 2 ))W a 4 | x n =e nlogz lja .n =e nlog* 2 (3.105) 


on the region 77 2 . Secondly, it can be derived from the skew-symmetry isomorphism that on 
the region Ei, 

7 

9± = (™{ a 4)AV(& i4 \[ Z }p)))(™(a 1 ),W( a3 )iW( a 2 )'t X l, *^2))w a 4 \xn— e n\ogz l x n =e n\ogz 2 

= (e 2 ^ (P([2]p))(u)( ai ), u)( a2 ), u}(a 3 ); Xo, e X 2 ))w a 4 \ x n= e nlog(z 1 -z 2 ) x n =e nlogz 2 

= (e 2 ^ ^u;( a4 ), (P([2]p))('u)( ai ), , u)( a2 ), u}( a3 ); xq, a^ 2 ))iv a 4 | 3 ,n =e niog(z 1 - 22 ) j3 ,n =e niog(- Z2 ).(3.106) 
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Thirdly, we shall prove that on the region Es, 

9 1 = ( W (a 4 )i (P(S(^^ \\£\p ))))(w(a 3 ), W( ai ), W(a 2 )'i x 2, X\))w a * \x^=e nlo B z l. ,x^=e nl °e z 2 

= (e 2 ^ (P([^]p))(M}( ai ), W)^), M}( a3 ); Xo, X2))w a 4 la.n^nlogtzj-^J^n^nlogC-^) . (3.107) 

Replacing z 1} z 2 ) by {eT X2L ^w',^ Z\ — z 2 , —z 2 ) in (13. lip , we can derive that 

( e X2L< ' 1 ' >W (a. 4 )i (P(['2']p))(^(ai)) 1X {a 2 )i ^(a 3 )j Xo, X2))w a 4 | x n =e nlog(* 1 -* 2 ) jX n= e "log(-* 2 ) 

= (e 2 *■ ' > w;( a4 ), (I(J-'([^]p)))( , w)( ai ), w;( a2 ), M}( a3 ); Xi, X 2 ))w a 4 | x n =e niog Zl x n =e »iog(- 22 )(3.108) 

on the region Es. Moreover, by the Moore-Seiberg equations (I2.50P and (I2.5ip . we have 

bvl { a) = E^n^En^ = fl {3) E. (3.109) 

So by skew-symmetry we have 

( W (a 4 )i (P(£>(^ H[- 2 ]_p))))(^(a 3 )> h)( ai ), W( 0 , 2)1 x 2, X 1 ))w a i\ x "=e n, °B z i,x^=e nlo B z 2 

= (™(a 4 )’ (P (n (3) E([Z]p)))(W(a 3 ),W (ai) ,W (a2) j X 21 ^l))l4^ a 4 | x^=e n log 2 i ,X2=e n log 22 

= (e ^ ^ W (a 4 )i (^-('^’([^']p)))('^ , {ai)i ^{02)1 ^(03)! ^T) e X 2 ))W “4 | x n =e n log z 4 )X n =e nlog * 2 

= (e 2 ^W( a4 ), (I(J r ([2]p)))('M)( ai ), W(a 2 )i W(a 3 )! Xi, X 2 ))W a 4 1 3 ,™ =e »logzj ;3 ,n =e nlog(- Z2 ) (3.110) 

on the region Es. Therefore, (I3.107P holds by (13.108P and (I3.110p . 

So to sum up, {(gt, E t ) : 0 < t < 1} is an analytic continuation along a. 

Since 0" is simply connected, a C 0" and cr(0) = er(l), we can derive that g 0 = g\ on 
the region E 0 C\Ei — E 0 . Moreover, since go and g\ are both single-valued analytic functions 
on the domain S 2 which contains E 0 , we deduce that g 0 = g\ on S 2 . Namely, 

(E(a 4 )i (I(fl (1 ) ^'(fl (4) ( [E\ p) ) ) ) (hi(a 3 ); h)( ai ), W( a2 )] X 0 , Xi) ) W a 4 , . 

V y x n =e nlog(z2 — zi)^ x n =e nlogzi 

= ( W {a 4 )i (P(^(^ < '^([^]p))))('^'(a 3 ); ^(ai)j ^(a 2 )i X 2i x l))w a i \ x n =e nlogz lx n =e nlogz 2 (3.111) 

on the region S 2 . Furthermore, since the first line of (13.1 lip defined on R 4 is a branch of 
(I3.77p . and the second line of (13.1 lip on S 2 can be naturally analytically extended to the 
region R 2 , we conclude that 

( W (a 4 )l ^ ([^]p))))(h)( a3 ), W( a 1), W( a2 y, X 2 , Xl))w a 4 | x n_ e nloga 1)X n_. e nlog* 2 (3.112) 

on R 2 is a branch of $(e _a,aL ( 1 V (a4) , ty (ai) , W( a2 y W( a3) , [ Z} P ; z x - z 2 , -z 2 ) on R 2 . 

In conclusion of (j3. 7711 - (13. 1 12p . we see that the multivalued analytic functions 

( W (a 4 )i (P(^ ^ (['^'l-P))) (^(ai)> ^ { 0 , 3)1 ^ {. 0 , 2)1 x li ^2))w a 4 \x 1 =z 1 ,x 2 =Z 2 i (3.113) 
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(W(a 4 )> (P(^(fi (4) ([^]p))))(w (a3 ), w {ai) , w {a2 y, X 2 , X 1 )) W a 4 \ Xl=Zl , X2=Z2 (3.114) 

and 

( W (a 4 ), (i(J r (fi (4) ([2]p))))(w (ai ), W M , W (a2) ; X 0 , X 2 ))w° 4\xo=*i-za,* 2 =z 2 (3.115) 

are restrictions of ^{e~ X2L ^w^ a4 y W( ai ), W( a2 ), W(a 3 ), [Z}p] Z\ — z 2 , —£ 2 ) to their domains \z-i\ > 
\z 2 \ > 0, \z 2 \ > \zi\ > 0 and \z 2 \ > \z\ — z 2 \ > 0 respectively. 

So choosing (I3.80P as the preferred branch of ^(e~ X2L ^w^ a4 yW^ ai ),w^a 2 ),W(a 3 ), [Z\p]Z\ — 
z 2 ,~z 2 ) on R 1 , we see that ^(e~ X2L ^v/ M , w {ai) , t/>( a2 ), W( a3 ), [Z] P ; Zi - z 2 ,-z 2 ) is an ele¬ 
ment of G a n a 3. a 2,“4_ Moreover, by (13 .951) . (13.96j) . (13.971) . (I3.98I) . (13.1 lip . (13. 1 12p . and by the 
definition of the preferred branches of an clement of Q a i’ a 3, a 2,a 4 on anc [ we see that 

(' W {a 4 )i (P(^(^ ^ ([^]/=■)))) ("^( 0 . 3)5 W(ai), h)(a 2 ); X 2 , X \)) w a 4 \ x ™=e rllo « z i ,x%=e n lo s 2 2 (3.116) 

and 

{ W {a 4 )i (I(*^"(^ H[-^]p))))(^(ai)) ^(a 3 )i ^( 02 )! x 0) ^2))vK a 4 | 3 ,n =e nlo g ( 2;i - Z2 ) )2 .n =e nlog 22 (3.117) 

are the preferred branches of ^(e~ X2L ^w^ a4 yW^ ai ),W( a2 ),'w^ a3 ), [Z]p;z\ — z 2l —z 2 ) on R 2 and 
i ?3 respectively. 

Therefore, we have 

(W( 04 )» (P(^ (4) ([2]p)))(W(ai), w (a3 ), W (a2 y,X 1 , X 2 ))w“4 

= ii2<h(e“ 3:2l/(1) M; / (a4) ,M}( ai ),'u;( a2 ),n; (a3 ), [Z] P ; zi - z 2 , -z 2 ), 

(^(04)> (P(^(^ (4) ([^]p))))(w (a3 ), W(ai), w (a2) ; X 2 , £i))w“4 

= i 2 i < h(e“ 3:2L(1) '«; / (a4) , m} ( qi ), w m , w m , [Z\ P ] z i - z 2 , -*2), 

(™(a 4 )> (i(^(n (4) ([2:]p))))(«;( ai ), w {as) , w {a2 y, x 0 , x 2 )) W a 4 

= L 20 ^(e~ X 2 L{ 1 ) w[ ai) ,w M ,w {a 2 ) ,w {a3) , [ Z} P ; zi - z 2 , ~z 2 ). 

Let {e“ 1,a3 ’ a2 ’ a4 } QeA ( aiia3ia2ia4 ) be a basis of G a i- a 3,«2,a4 over the r j n g 

C[x 1 ,x^ 1 ,x 2 ,X2 1 , (an - afc) -1 ]- 

Then there exist unique 

H a ( w { a4 ),™( ai ), ™(a 3 ), ™( a2 ), fl^({Z]p)]X 1 , X 2 ) 

G C[xi, aq“ \ x 2 , X 2 1 , (X! - x 2 ) _1 ] 


(3.118) 


(3.119) 


(3.120) 

(3.121) 


(3.122) 
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for a G A(ai, a 3 , d 2 , 04 ), such that only finitely many of them are nonzero and 
$(e~* aI, (l ) W fa),W( ai ),W( aa ),W(a a) , [Z]p-,Z\ - Z 2 , -z 2 ) 

X H c t {w{a 4 )^M,W {a 3 ) ,W ia 2 ) ,n^\[Z}p)]Xi,X 2 )e a a 1 ’ a3 ^ a4 
a£A(ai,a 3 ,a2,a 4 ) 

Recall that is an isomorphism and that 

n ,4) Lp( U V“ 5 ® V2J j = M II , ® VZJ 

\ a^eA / as£A 

for any Oi, • • • , 04 G A. So we can define linear maps 


fa’ a3,a2 ’ a4 (^(ai),W {a3) ,W {a2) ) : 

M II K,‘„ s 


v as ' 

K a 3 a 2 y 


W a4 [xi, x 1 , x 2 , x 2 1 ][[^ 2 /^i]], 


ga’ a3 ’ a2 ’ a4 (u’ { a l) ,W( a3 ),W { a 2 )) ■ 

M II v »». ® KJ -> 

fl5 G-A 


/ l a ll a 3l a ai a4( 7 j )(ai)j7 2) (a 3 )jl5(<tt) ) : 

M II V “». ® KJ W«\x„,x- 0 \x 2 ,x- 2 '][[x a /x 2 }} 

a-5£A 

by 

( W (a 4 )> fa ’ a3 ’ a2 ’ ai ™(a 3 ), ™(a 2 ), ^ ([2] p)]X 1 ,X 2 )) W a 4 

= L 12 H a (w[ a4) ,W {ai) ,W M , W( a2 ), n^\[Z] P )-, X U X 2 ), 

(®(a 4 )>C : ’“"“(^W W(o 3 ), (\Z} P ))- Xi, X 2 )) W - 4 

= 6 2 i^ Q (w( a4) , u) (ai) , u}( Q3 ), u}( Q2 ), fi (4) ([Z]p); Xi, x 2 ), 

HmP h“ 1 ’ a3 ’ a2 ’ a4 (u)( ai ), w (a3 ), u}( a2 ), ^(fi (4) ([Z] P )); x 0 , x 2 )) W a 4 
= L 20 H a (w[ a4) ,w {ai ),w {a3) ,w {a2) , fi (4) ([Z]p); x 2 + x 0 , x 2 ) 

for w {a A ) e ^ e Ua 5 GA V ata 5 ® V Zm and a e A( ai , a 3 , <z 2 , a 4 ). Then 

(13.1191) . (13.1201) and (13.1231) . we have 

(P(fi (4) ([Z]p)))(u; (ai) , u} (a3 ), w (a2) ; xi, x 2 ) 

X] /a 1,a3 ’ a2 ’ a4 (^(ai), W(a 3 ), W (a2 ), fl (4) ([Z] P ); Xi, £2^12 (C 

Q!GA(ai ,a3 ,a2 ,<24) 


(3.123) 

(3.124) 

(3.125) 

(3.126) 

(3.127) 

(3.128) 

(3.129) 

(3.130) 
by ASUS}, 

l4 ), (3.131) 
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(P(£(0 (4) ([^]p))))(w(a 3 ), tD (ai) , w (aa y, x 2 , xi) 


E C’ a3 ’ a2 ’ a4 (^( ai) >(a3)^(a2)^(^( 4 )([^]p)) ; ^^ 2 )^ 21 (C’ a 3’ a2 ’ a4 ), (3.132) 

aSA(ai,a3,a2,a4) 


(i(.T(0 (4) ([Z] P ))))(h; (ai) , w (a3 ), w {a2 y, x 0 , x 2 ) 

/ i “ 1 ’“ 3 ’^’“ 4 (t2> (ai) ,^ (a 3 ) ,^ (a 2 ) ,^(0 ( 4 ) ([^]p));^o,^ 2 )^o(e“ 1 ’ a3 ’“ 2 ’ a4 )- (3.133) 

aGA(ai , 03 , 02 , 04 ) 

Moreover, by (13. 122)> and Proposition 12.11 we have 

SO" 1 * ( Jl g0 J2 ) L ^ H ^( W {a i )^(a 1 ),W {a 3 ),W { a 2 ),n { 4 \[Z]py,X l ,X 2 ) 

-Xo 1 ^ ( X2 _ x ^ O iH a (w[ a4) ,w {ai) ,w {a3) ,w {a2) ,n (4 \[Z}p)]x 1 ,x 2 ) 

= t 20 ^a(w' ( o 4 ))^(oi), W( a 3 ),M7( a 2 ),fi ( 4 ) ([Z]p);X2 + X 0 , X 2 ) (3.134) 

for a G A(ai, a 3 , a 2 , a 4 ). Since G (VP 04 )' is arbitrary, by (13. 128j) . (I3.129p . (I3.130p and 
f!3.134p . the Jacobi identity holds for the ordered triple (w( ai ),W( a3 ),W( a2 )): 

x _ 1§ ^,03,02,04(^ (ai) ,«) (tt3 ) ,t2 > (c12) , ^(^([^T]^); a; 2 ) 

-a* 1 * C i: ‘ 2 _^' ) 9a’ a3,a2 ’ a4 (ti(a 1 ),W( a3) ,w {a2) ,B(n^\[Z]p));x l ,x 2 ) 

= xf l 5 (^ Xl x *° ^j h a a 1 ’ a3 ’ a2 ’ a4 (w {ai) ,w {a3) ,W(a 2) , J r (fi ( 4 ) ([Z]p));x 0 ,x 2 ) (3.135) 

for Z G Ilose^-s ZV^ a3 and a G A(a u a 3 , a 2 , a 4 ). By (13.1241) we see that 0 (4) ([Z] P ) in 
(13.13ip ~ (j3.135p can be any element in ^p{\X as&A V“ 4 a5 <E> V“ 3 5 a2 ). So the Jacobi identity holds 
for the ordered triple {u>( ai ), ui(a 3 ), W(a 2 ))- ■ 

Proof of Theorem \3.1[ Since the permutations (1 2) and (2 3) generate the symmetric 
group S 3 , in summary of Theorems 13.61 and 13.71 we can conclude that the Jacobi identity 
holds for the triple (w( aT{1) ),«j(a r{2) ), W(o t(3) )) for any r G S 3 . Thus Theorem 13.11 holds. ■ 
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